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Abstract

This note introducesL-systemsas a programming languagefor de-
velopmenal model construction. The examplespresened here refer
to a real biological structure, the vegetative segmen of a cyanobac-
terium Anabaena catenula. Problems related to time managemen in
dewelopmenal simulations are given particular attention.

1 Background

L-systems were introduced by A. Lindenmayer as a mathematical formal-
ism for modeling multicellular organismsthat form linear or branching I-
amerts [11, 12]. The whole organism is treated as an assenbly of discrete
units, called modules The nature of the modules is not prede ned by the
formalism. For example, they may represen individual cellsin the models
of lower organisms, or functional units, suc as apical meristems, intern-
odes, leaves and o wers, in the models of higher plants. Each module is
represerted by a symbol (a letter of the L-system alphalket), which speci es
the module's type. In addition, a module can be characterized by one or
more numerically-valued parameters [2, 13], which, together with the sym-
bol, characterize the module's state. The resulting concept of parametric
L-systemshas beenformalized in [5, 23], among others. Recert extensions
make it possibleto use parametersof compound data types, such as struc-
tures [7] and lists [3].

L-system models are inherently dynamic, which meansthat the form
of an organism is viewed as a result of developmert: \an ewvernt in space-
time, and not merely a con guration in space”[28]. The dewvelopmert of a

!Basedin part on: P. Prusinkiewicz: Introduction to modeling using L-systems, in J.
A. Kaandorp and J. E. Kebler (Eds.), The Algorithmic Beauty of Seweds, Sponges, and
Corals, Springer, Berlin, 2001, pp. 91{93, and P. Prusinkiewicz, J. Hanan and R. Med,
An L-system-based plant modeling language, Lecture Notes in Computer Scienae 1779,
Springer, Berlin, pp. 395{410.
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structure is described in terms of rewriting rules or productions that change
the module's state, or replace a module by zero, one or seweral new mod-
ules. Productions are applied in parallel, which is intended to capture the
simultaneous progressof time in all parts of the growing organism.

L-systemswere originally introduced as a mathematical tool for reason-
ing about developmert. Soon after their introduction, howewer, they began
to be usedas a formal basisfor constructing simulation modeling programs
and modeling languages. The availabilit y of theselanguagess one of the key
practical advantagesof L-systemsin modeling applications, becausediverse
structures and processescan be modeled using the same L-system-based
procedural modeling program with dierent inputs. The L-system-based
languageshave initially beenalmost indistinguishable from the underlying
mathematical notation of L-systems, but, with the increasedcomplexity of
the modeling tasks, they gradually divergedfrom this notation.

The notion of L-systemsis often preseried in a formal manner. In con-
trast, we will presert it in the context of a speci c modeling application.
This will allow us to seethe relationship between a natural phenomenon
and its L-system models, highlight the conceptual essencef L-systems, see
the motivation behind their extensions,and trace the ewlution of L-system-
basedmodeling languages. In addition, the examplesaddressthe question
of time managemen in simulations, which is essetial to the animation of
dewvelopmert.

2 Mo del organism: Analaenacatenula

Anabaena is one of the earliest examples of multicellular organisms with
cellular specialization [1, 4]. Like many other cyanobacteria, it is capable
both of aerobicphotosynthesisand xation of nitrogen from the atmosphere.
Theseprocesseshowever, are incompatible with ead other, becausethe en-
zyme nitrogenaseresponsible for nitrogen xation is destroyed by oxygen,
a byproduct of photosynthesis. Some cyanobacteria deal with this incom-
patibilit y by dividing their activities over time: they photosynthesizein the
daytime, and x nitrogen in the night. Anabaena in contrast, divides these
activities in space,using two di erent typesof cells: vegetative cells respon-
sible for photosynthesis, and heterocysts responsible for nitrogen xation.

This division of tasks is the rationale for the multicellular structure of the
organism.
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Analaenacells are arranged into laments. In the absenceof ammonia
or nitrate in the medium, individual heterocysts are separatedby sequences
of approximately ten vegetative cellsof varying sizes.The laments grow by
asymmetric division of vegetative cells. As this processmovesthe existing
heterocystsapart, new heterocystsdi eren tiate from vegetative cellsroughly
midway betweenthose already presen. Consequetly, the regular spacing
of heterocysts remains approximately constart while the lament grows.

The dewvelopmenal processoutlined above raisestwo questions, which
have attracted the interest of biologists and modelersalike:

1. What mechanism cortrols the asymmetric division of vegetative cells,
resulting in the obsened sequenceof cell sizesalong the lament; and

2. What mechanism regulatesthe spacing of heterocysts?

In this note we will addressthe rst question.

3 Context-free L-systems

Mitc hison and Wilcox [18] proposedto explain the obsened pattern of long
and short cellsin a vegetative segmen of Anabaena as a direct result of a
developmertal process. To this end, they divided the cells that form the
lament into two classes:long cellsL and small cells S. Furthermore, they
assumedthat ead vegetative cgll has one Iof two possible polarities, which
can be indicated by an arrow: L, L, and s, s. During the dewelopmert,
cells S elongateand changetheir state to L. Long cells divide, producing a
cellL and a cell S.
Lindenmayer [16] obsenedthat, taking polarities into accourt, the essence

of the model of Mitc hison and Wilcox can be written as a set of rewriting
rules, or productions:

! ! ! ! !
S!L S!L L!LS L ! SL (1)

Theserules are the cornerstone of a DOL-system, the simplest type of L-
systems [12] (see also [6, 26, 23, 27]). The acronym DOL stands for a
D eterministic L-system with O interactions. This meansthat exactly one
production appliesto any symbol of the L-system alphabet, and the pro-
ductions are context-free. The DOL-system productions have the form

predecessor ! successor
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Figure 1. Developmertal sequenceof an Anabtaena lament modeled with
L-system 1.

wherethe predecessoris a single symbol of the L-systemalphabet V, and the
suaessoris a string of zero, one, or seweral symbols from the samealphabet.

Like all L-systems, DOL-systems operate on sequence®f symbols called
strings or words. In a single derivation step ead letter in the predecessor
string is replacedby its suwessorusing the applicable production from the
production set P. The developmertal processis simulated as a sequenceof
such derivation steps,beginning with a giveninitial string, called the axiom,
and denoted! . For example, Figure 1 shows the develppmelrtal sequence
gengratedby L-systemG= hV;! ;Pi with alphabetV = fL;L;s; sg, axiom
I =1, and the production set P given by Equation 1.

The above model implies that the time betweenthe formation and divi-
sion of a short cell is twice as long as the time betweenthe formation and
division of a long cell. In reality, a short cell takes only about 20% longer
to divide that a long cell. Luck and Luck [17], and Lindenmayer [15] in-
corporated this behavior into the model by introducing a sequenceof state
transitions to control the timing of cell division:

! ! ! ! ! ! ! ! ! !
S!L L!A A'!B B!C C!LIS
B

T (2
s!L L!A Al B!C Cc! sL

Sequencef state transitions are not intuitiv ely represened by the L-
systemformalism, but can be conceptualizedusing diagrams, similar to that
shown in Figure 2. Similar diagrams have beenused by Lindenmayer [10]
and Luck and Luck [17]. Formally, they are a synchronously operating vari-
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Figure 2: Petri net represenation of L-system2. A cell undergoesa sequence

of transitions (vertical bars), which advance its state (circles). The last
transition represerts division of cell C into two children cells,S and L.
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Figure 3: Improved dewelopmertal sequencesof the Anabaena vegetative
laments. The models that take into accourt timing of the short and long
cell divisions. Left: the sequencegeneratedby non-parametric L-system 2.
Right: the corresponding sequencegeneratedby the parametric L-system 3.

ant of Petri nets [19, 25]. As illustrated in Figure 2, L-system 2 speci es
a sequenceof developmertal stages,through which a cell progressesuntil
it reachesthe dividing state C. The children of cell C have di erent posi-
tions along this sequenceand therefore needdi erent times to divide again.
Speci cally, the time to the next division is equal to 4 time units for a cell
L and 5 time units for a cell S, thus resulting in the required ratio of 80%.
This timing is alsoevidernt in the developmertal sequenceshown in Figure 3
on the right.
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4 Parametric L-systems

Sequencesf developmenal stagessigni cantly increasethe size of the L-
sysemalphabet and the sizeof the corresponding production set, and conse-
quently complicatethe speci cation of DOL-systems. Parametric L-systems|[5,
23]o er asolution to this problem, by assaiating numerical parameterswith
L-system symbols. Context-free parametric productions have the form

predecessor. condition ! successor

where predecessoris a single module (L-system symbol with the assaiated
parameters), suaessoris a sequenceof modules, and condition is the log-
ical expressionthat determines whether the production can be applied to
a given module. For example, a parametric L-system equivalent to that in
Equation 2 is given below:

|$/|(s): s<5 | M (s+1)

M (S): s== I M @M Q) 3)
M(s): s<O ' M (s+1)

M(@): s==5 | M®A)M Q)

The non-parametric L-system 2 and the parametric L-system 3 are equiva-
lent becausemodulestypein L-system 2 correspond one-to-oneto parameter
valuesin L-system 3:

S$ 1 LS$ 2 AS$ 3 B$ 4 C$ 5 (4

This correspndenceis also illustrated by Figure 3, which comparesthe
developmertal sequencegeneratedby both L-systems.

Parameters are useful in specifying various attributes of modules. For
example,in the caseof Anabaena cell polarity can also be represened as a
parameter. This results in the following L-system:

/¥ L-system 4 */

#define LEFT-1

#define RIGHT1

Axiom: M(5,RIGHT)

M(t,p) : t<6 --> M(t+1,p)

M(t,p) : t==5 &&p == LEFT--> M(1,LEFT)M(2,RIGHT)
M(t,p) : t==5 &&p == RIGHT--> M(2,LEFT)M(1,RIGHT)
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We have switched here from the mathematical notation to a program-
ming languagestyle of L-system speci cation. The particular languageused
has been devisedfor the L-system-basedmodeling program cpfg [22]. At
this point, the di erences betweenthe mathematical notation and the cor-
responding cpfg speci cation are minimal, but the programming language
style will allow us to more conveniertly presen further extensionsto L-
systems.

5 Mo deling development in contin uous time

All the L-systemsdiscussedabove advancetime by unit interval per deriva-
tion step. In many applications, for examplethe animation of developmert,
it is corveniert to advancetime by arbitrary user-de ned incremerts. We
can partially acdhieve this goal by reinterpreting the step-courting variable t
in L-system 4 as a cortin uously-valued developmentalstageor physiolaical
ageof the cell, and incremert it by a constart dt. By applying this concept
to L-system 4, and rescalingtime sothat the short cells have unit life span,
we obtain:

/* L-system 5 */
#define LEFT-1
#define RIGHT1

#define t div 1.0 /* cell age at division */

#define t.s 0.0 [* initial age - short cell *
#define t | 0.2 /* initial age - long cell */
#define dt 0.7 [* time increment per step */

Axiom: M(O,RIGHT)

M(t,p) : tHdt<t div --> M(t+dt,p)

M(t,p) : t+dt>=t div &&p == LEFT-->
M(t+dt-t_div+t_s,LEFT)  M(t+dt-t_div+t_|,RIGHT)

M(t,p) : t+dt>=t_div &&p == RIGHT-->
M(t+dt-t_div+t_[LLEFT) M(t-t_div+t_s+dt,RIGHT)

Figure 4 shows developmertal sequencegeneratedby this L-system for
two values of time increment, dt; = 0:7 and dt, = 1:4. A comparison
of these sequencegevealsthat the results are correct for the smaller time
incremert dty, but incorrect for the larger increment dt,. The reasonfor this
discrepancyis preseried in Figure 5, which placesthe branching processof
cell division in the context of time incremerts usedin both simulation. If

1-15



@ @
@
[ 5 107 [ 5c 107
(5505 13307
PP GO
Figure 4: Developmertal sequencegeneratedby L-system5 usingtime steps
dt; = 07 (lefty and dt, = 1:4 (right). The sequenceon the left correctly

captures the dewelopmen of the lament, whereassequenceon the right
doesnot, becauseit includes cells past their division age.

—

o

]
—e
101}

Figure 5: Developmert of an Anabaena lament consideredin contin uous
time. Each cell divides at most oncewithin any interval of duration dt; =<
0:8, but may divide more than once within an interval dt,  0:8. Sample
intervals dt; = 0:7 and dt, = 1:4 are shown.

the time increment dt is su cien tly small, for example dt = 0:7, ead cell
undergoesat most onedivision within aninterval (t; t+ dt]. This is correctly
captured by L-system 5, according to which a cell either does not divide
within a derivation step at all, or divides once. On the other hand, if the
time incremert dt istoo large, for exampledt = 1:4, somecellsmay undergo
two divisions within an interval (t; t + dt]. This possibility is not accourted
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for in L-system 5, which instead producescellsthat exceedthe ageat which
they should have divided.

6 Decomp osition rules

Time stepsof a duration longerthan the minimum lifetime of a cell could be
handled using productions that create more than two cellsin a single deriva-
tion step. A more generaland concisesolution, however, is to assumethat
a cell will divide recursively, aslong asthe ageof the descendats is greater
than the division agetgj, (Figure 6). Recursive application of productions is
a concept characteristic of Chomsky grammars rather than L-systems. We
combine theseconceptsby distinguishing two typesof productions: L-system
productions, applied in the breadth- rst fashion,and Chomsky productions,
applied recursively [24]. In the cpfg language,we referto Chomsky produc-
tions as decomposition rules, and separatethem from the ordinary L-system
productions with the keyword decomposition [22]. A derivation step con-
sists of the application of L-system productions to all modulesin the string,
followed by the recursive application of decomposition rules. A model of
Anataenadevelopmert using decomposition rules is given by L-system 6.

/* L-system 6 */
#define LEFT-1
#define RIGHT1

#define t div 1.0 /* cell age at division */

#define t s 0.0 /* initial age - short cell *
#define t | 0.2 [* initial age - long cell *
#define dt 0.7 /* time increment per step */

Axiom: M(O,RIGHT)

M(t.p) --> M(t+dtp)

decomposition:

M(t,p) : t>=t div &&p == LEFT-->
M(t-t_div+t_s,LEFT)  M(t-t_div+t_|,RIGHT)

M(t,p) : t>=t div &&p == RIGHT-->
M(t-t_div+t_I,LEFT) M(t-t_div+t_s,RIGHT)

The use of decomposition rules improved the structure of L-system 6 with

respect to L-system 5, by distinguishing betweenan ordinary L-system pro-
duction, which advancestime, and decomposition rules, which describe the
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Figure 6: Developmert of an Anabaena lament simulated using L-system
6 with time step dt = 1:4. The application of the time-advancing L-system
production (thick line) is followed by the recursive application of decompo-
sition rules (thin lines).

structure of the descendats of eadh module. The underlying logical dis-
tinction betweenthe relations \pro ducesover time" and \is a part of" was
formalized by Woodger and Tarski [29], and reviewed by Lindenmayer [14].
Figure 6 shawns that L-system 6 works correctly for time incremerts exceed-
ing the lifetime of a cell.
If we are only interested in the nal state of the model at sometime

T, we can delegateall computation to the recursive application of decom-
position rules by setting dt = T. This mode of operation is closely related
to timed L-systems de ned in [23]. Timed L-systemsmake it possibleto

nd the state of the deweloping structure at any time T, and consequetly

were the rst variant of L-systemsusedto create \smooth" animations of
plant dewelopmen. As a limiting factor, the arbitrarily large time steps
and recursive evaluation of L-systemsare only possiblein the deterministic

context-free case,where componerts of the structure do not communicate
with ead other during the developmen, and always createthe samelineage.

7 Interpretation rules

Up to now, we have not beenconcernedwith the visualization of the models.
This is consisteri with the original de nition of the L-system formalism,
which only described ordering of cells in the lament, i.e., its topology.
Nevertheless,in order to presen generatedmodels graphically, we needto
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Figure 7. Generation of a developmenal sequenceusing a cpfg model with
interpretation rules. The progressionof strings o; 1; 2;::: results from

the derivation steps ='§ de ned by productions and decomposition rules.

The interpretation rules =? map strings ; into the nal strings ; that
contain the graphical information.

assigna geometric interpretation to the modules. The problem is that the
typesof modulesin terms of which a model is formulated and conceptualized
(e.g., cells, apices,or leaves)is often very di erent from graphical primitiv es
that are conveniert to describeits geometry(e.g., lines, polygons, parametric
surfaces). This problem was rst addressedby Kurth [9], who introduced
the notion of interpretation rules.

Interpretation rules provide a medanismfor complemeriing modelswith
the geometric information neededfor visualization purposes. They do not
a ect the sequenceof strings o; 1; 2;::: derived by productions and de-
composition rules, but make it possibleto temporarily replace modules in
the derived strings by other modules or sequencesof modules (Figure 7),
which may have a prede ned graphical interpretation. Formally, the inter-
pretation rules are related to the notion of string homomorphisms which
have beenstudied in the mathematical theory of L-systems|[6, 26]. The in-
terpretation rules extend the concept of homomorphism, becausethey may
operate on symbols with parameters,and can be applied in hierarchical and
recursive manners. In that sensethey resenble decomposition rules.

In the cpfg language, the interpretation rules are speci ed using the
samesyntax as conext-free productions and decomposition rules, following
the keyword homomorphism To seehow they work, let us assumethat
the modeling program supports prede ned modules L(length,width)  and
R(length,width) , which draw a round-corneredrectanglesof given length
and width. In addition, ead module incorporates an arrow, pointing to
the left or right, respectively. (In the actual cpfg implementation, modules
L and R are de ned in terms of more fundamental primitiv es, but this is
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irrelevant to the basic concept.) We thus can de ne a complete L-system
model of a vegetative segmen of the Anabaena lament, by extending L-
systems6 with interpretation rules.

/¥ L-system 7 */
#define LEFT-1
#define RIGHT1

#define t div 1.0 /* cell age at division */
#define t s 0.0 /* initial age - short cell *
#define t | 0.2 [* initial age - long cell *
#define a 2.1673 [* exponential growth base */
#define WID 1.0 /* cell width */

#define dt 0.7 /* time increment per step */

Axiom: M(0,RIGHT)
M(tp) --> M(t+dt,p)
decomposition:
M(t,p) : t>=t div &&p == LEFT-->
M(t-t_div+t s,LEFT)  M(t-t_div+t_|,RIGHT)
M(t,p) : t>=t div &&p == RIGHT-->
M(t-t_div+t_I,LEFT) M(t-t_div+t_s,RIGHT)
homomorphism:
M(t,p) : p==LEFT--> L(a’t,WID)
M(t,p) : p==RIGHT--> R(a"t,wWID)

8 Geometric contin uity

L-system 7 illustrates a nontrivial detail of the geometric interpretation of
L-systemsthat can operate with arbitrarily small time steps: the need of
preserving geometric continuity of the growing structure over time. In this
speci ¢ example, we have assumedthat the length of Anabaena cells in-
creasesexponertially with time: I(t) = a'. Sincethe exponertial function is
continuous, the length of cells, and therefore the lament, will alsobe con-
tinuous functions of time in the intervals betweencell divisions. In order to
maintain the continuity during cell divisions aswell, the length of a mother
cellimmediately beforeits division must be equalto the conmbined length of
the daughter cellsimmediately after the division:

aldv = gls + gl
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Given age valuestg, = 1.0, ts = 0:0 and t; = 0:2, we obtain the ba-
sis a of the exponertial growth by numerically solving the above equation:
a 2:1673. Thus, the value of a is a logical consequenceof the timing of
cell division and the exponertial character of cell growth. The cell width
WID hasbeensetto a's = 1:0, so that the smallest cells in the lament
appear round. For a more generaldiscussionof the problem of maintaining
geometric contin uity see[23].

In the above example, ead cell keepstrack of its age,and divides when
it reaches the threshold age. An alternative approac is to use a cell's
size itself as the independert variable. In this case,the continuity of the
lament length is presened in a more straightforward fashion, by explicitly
partitioning the mother cell in the ratio SMALLE R : (1 SMALLE R).
The resulting L-system is given below.

/¥ L-system 8 */
#define LEFT-1
#define RIGHT1
#define x_div 2.1673 /* cell length at division */
#define SMALLER.4614 /* fraction of dividing cell length */
#define gr 1.7185 [* growth rate per simulation step */
#define WID 1.0 [* cell width */
Axiom: M(1.0,RIGHT)
M(X!p) --> M(X*grvp)
decomposition:
M(x,p) : x>=x_div &&p == LEFT
> M(X**SMALLER,LEFTM(x*(1-SMALLER),RIGHT)
M(x,p) : x>=x_div &&p == RIGHT
--> M(x*(1-SMALLER),LEFT) M(x*SMALLER,RIGHT)
homomorphism:
M(x,p) : p==LEFT--> L(x,WID)
M(x,p) : p==RIGHT--> R(x,WID)

The constart valuesin L-system 8 have been chosenin terms of the
constarts of L-system 7, such that both L-systemsproduce the samedewvel-
opmertal sequence.Speci cally, xqy = aldv, SMALLE R = a's=xg, and

— dt
gr = a™.
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Figure 8: Developmertal sequenceof Analbaena lament (basic model, asin
Figure 1), with explicitly represened cell walls. The parameter of cell walls
indicated their age.

9 Context-sensitiv e L-systems

All models consideredso far were united by one commontread: the fate of
ead module wasdetermined by this module itself. A developmertal process
that proceedsthis way is said to be cortrolled by lineage[12, 23, 20]. In
reality, howewer, the fate of modules may also be cortrolled by interactions
with their neighbors. In order to give a simple example of this fundamertal
concept, let us considera variant of the Anabaena lament model, in which
asymmetric cell divisions are cortrolled by properties of cell walls, rather
than an attribute inherert in the individual cells. This variant of the model
provides an insight into a plausible medanism of polarity determination in
nature.

The modi ed modeltreats the lament asa sequencef cellsC separated
by explicitly represened walls W. Similarly to cells, walls carry the age
attribute. Figure 8 shows a developmertal sequencecorresponding to that
of the basic Anabaenamodel (Figure 1). This sequenceevealsthat, during
the asymmetric cell division, the shorter cell is always formed on the side of
the older wall. It can be proven that this relationship betweencell polarity
and the agethe walls that separateit from its neighbors also holds true for
Anabaenamodels with improved timing (L-systems 2 to 8).

We now usethis obsenation to a context-sensitive L-system [11] model,
in which the asymmetry of cell division is cortrolled by the ageof the neigh-
boring walls (the context of the cell), rather than cell type or parameters
transferred from mother to daughter cell by lineage. Context-sensitive para-
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metric have the form
lef t_context < predecessor> right_context : condition ! successor

wherelef t_context and right _context are strings of zero, one or more mod-
ulesto the left and to the right of the strict predecessor[5, 23, 20]. During
the derivation, the context modules may a ect the applicability and out-
comeof a production application, but only the strict predecessomodule is
replaced by the successor.Using this notation, a context-sensitive variant
of the Anabaenamodel basedon L-system 5 is given below:

/* L-system 9 */
#define LEFT-1
#define RIGHT1

#define t div 1.0 /* cell age at division */

#define t.s 0.0 /* initial age - short cell *
#define t | 0.2 /* initial age - long cell */
#define dt 0.7 [* time increment per step */

Axiom: W(O)M(0)W(dt)

W(t) --> W(t+dt)

M(t) : t<t div --> M(t+dt)

W(t) < M(t,p) > W(tr) : t>=t div &&tl<tr -->
M(t-t_div+t_s+dt)  W(t-t_div) M(t-t_div+t_|+dt)

W(t) < M(t,p) > W(tr) : t>=t div &&tr>tl -->
M(t-t_div+t_I+dt) W(t-t_div) M(t-t_div+t_s+dt)

In this model we have not used decomposition rules, and, consequetly,
the model does not operate properly for large time stepsdt. The recursive
cell division implemented using decomposition rules in L-systems6 to 8 is
not possible here, becauseit does not provide context information needed
for cell divisions. More advanced time managemem techniques than the
simple time slicing implemented by L-system 9 have beendeweloped in the
scope of simulation theory [8] and can be applied to L-systemsaswell [21],
but their discussionis outside the scope of theseintroductory notes.

10 Conclusions

We have outlined basic types of L-systems introduced by Lindenmayer,
context-free (DOL) and context-sensitive L-systems, and some of their ex-
tensions useful for model construction. These include the addition of at-
tributes to L-system symbols (parametric L-systems), and decomposition
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and interpretation rules. We haveillustrated theseconceptswith a sequence
of modelsof the vegetative segmen of an Anabaenacatenula lament. These
examplesalso presert a method for constructing developmertal modelsthat
operate in arbitrarily small time steps.
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