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Abstract
Leaves are a functionally important and visually conspicuous aspect of plant form. In nature,
they present with a great diversity of shapes ranging, for example, from simple poplar leaves
to prominently lobed maples through to highly compound tomato leaves. In this thesis, I
examine the basis of this diversity using computer simulations.
To elucidate the biological determinants of leaf form I first present three case studies
focused on different aspects of leaf development. The first simulates leaf and midvein initiation in Brachypodium distachyon, and reproduces detailed biological observations of these
processes. The remaining focus on leaf margin development, which is thought to play a
primary morphogenetic role in the acquisition of leaf form. Thus for the second and third
case studies, I propose a model of leaf margin development for simple leaves in Arabidopsis
thaliana and compound leaves in Cardamine hirsuta. To simulate leaf margin development
the boundary propagation method is proposed, which simulates the leaf margin and its
propagation during development. The models developed using this method are qualitatively
consistent with biological observations, and elucidate the role of the margin during simple
and compound leaf development.
To investigate natural leaf form diversity I propose a geometric model of leaf development based on the three molecularly detailed case-studies. This framework simulates leaf
development as an interplay between patterning of the leaf margin, the establishment and
growth of veins and the progression of maturation in the leaf blade. Although couched in geometric terms, the method is derived from the molecular level models developed in the three
case studies, and is thus biologically motivated. This facilitates a biologically meaningful
exploration of the diversity of leaf forms seen in nature using the framework. Additionally,
it provides a procedural technique for generating leaf forms for computer graphics purposes.
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Chapter 1
Introduction
Leaves are the primary photosynthetic organ of plants, and exhibit a great diversity of forms
in nature (Fig. 1.1) 1 . Observed shapes range from simple leaves with smooth margins
to those with fractal-like reiterations of features. These features present with a variety of
forms, ranging from small teeth to pronounced lobes and even entire leaf-like structures
(leaflets). Along with vascular patterns, tree architecture and flower form, the development
of leaves is one of the most visually striking examples of self-organization in plants. Yet
the self-organization of leaf form is still not well understood [200, 219], and predictive
computational models capable of relating leaf form to its underlying molecular processes
are relatively unexplored. The construction of such models is the focus of this thesis, and
represents some of the first forays in this area.
Over the last two decades molecular studies have identified several key processes that
regulate the development of leaf form [7,18,21,22,32,47,56,91,229,231,234]. It appears that
leaf form arises from three processes: the patterning of protrusions along the margin of the
leaf, development of vasculature in the leaf blade, and the spatio-temporal pattern of leaf
growth and maturation (Fig. 1.2). The interactions between these processes are mediated
by multiple feedback loops of a spatial character, making them unintuitive and difficult to
analyze and comprehend. Consequently, leaf development is difficult, if not impossible, to
fully conceptualize without the aid of computer models [83, 200, 219].
A key-player in the processes controlling leaf development is the hormone auxin, which
is known to regulate its own transport via interactions with the protein PINFORMED1
(PIN1) [10, 113, 176, 204, 231, 247]. Self-regulating auxin transport controls many aspects of
plant form, including the phyllotactic arrangement of organs on their supporting axes and
1

Readers unfamiliar with the common terms used to describe leaf form are referred to Section 2.3.1.
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Figure 1.1: Some examples of natural leaf forms. All images courtesy of P. Prusinkiewicz,
with the exception of the Cardamine leaf (far right) which is courtesy of M. Tsiantis.
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Figure 1.2: Hypothetical feedbacks underlying leaf form development.
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the patterning of vasculature. The molecular processes initiating marginal protrusions in the
leaf have numerous similarities with those regulating phyllotaxis (outlined in Section 2.3.3).
Additionally, vascular patterning during leaf development is representative of the patterning
of veins in other parts of the plant. Consequently, modeling the molecular underpinings of
leaf form development contributes to the broader understanding of plant development as a
whole.
Due to the visual appeal and omnipresence of leaves, their modeling is also relevant to
computer graphics. In this context, a procedural method accounting for leaf form development, capable of capturing the diversity of leaf forms seen in nature is useful in several
instances (c.f. [218]): when leaf specimens are not readily available for scanning, when models
capturing the natural variability of leaf forms are sought and when leaf development needs
to be animated.
Given these motivations, the key objective of my thesis is to derive computational models elucidating the biological basis of leaf form development, and computational methods to
support these models. To this end, I have investigated the key aspects of leaf form development identified in Figure 1.2 using three modeling case studies, rooted in an extensive
survey of previous work (Chapter 2) [200, 219]. Each model focuses on a specific aspect of
leaf development in a species that is well suited to the study of this aspect.
The first case study examines leaf initiation and vascular development in the grass Brachypodium distacyon. Previous simulation studies have focused on Arabidopsis and other species
where a single polar auxin transporter, the PIN1 protein, acts in concert with auxin to initiate leaves and pattern veins [10, 63, 113, 212, 247, 252]. To accomplish both these feats,
PIN1 was assumed to be polarized according to two different regimes: up-the-gradient of
auxin concentration during leaf initiation, and with-the-flux of auxin transport during vascular patterning. In contrast to Arabidopsis, experimental data for Brachypodium indicate
that in this plant the functions of PIN1 in Arabidopsis are divided between three separate
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PINs [176]: one polarizing up-the-gradient, and the remaining two with-the-flux. Distinct
expression and polarization patterns of these proteins provide better insight into the nature
of the underlying patterning processes, compared to the observation of a single Arabidopsis
PIN1. Based on these data I propose a cellular model of leaf initiation and vascular development. In the model, one PIN polarizes up-the-gradient, and the remaining PINs polarize
with the flux to different degrees. The resulting simulations reproduce the observations of
PIN polarity and auxin concentration in Brachypodium in detail. The model also suggests a
minimal set of functions required to pattern veins: determination of vein origins, guidance
of forming veins to appropriate target locations (previously established veins), and refinement of emerging veins into narrow paths (canalization [222]). These functions imply an
analogy between vascular patterning and a recently proposed algorithm for computing the
shortest (geodesic) path connecting two points on a surface [44], thus providing a geometric interpretation of vascular patterning. In contrast to previous geometric models of vein
formation [80, 218], which assume auxin follows the path of shortest length, this analogy
suggests that auxin follows the quickest path (i.e. that with the shortest transit time).
To examine the contribution of the leaf margin to leaf development, the second case
study examines the development of the leaf margin in the widely studied model plant Arabidopsis thaliana. The leaves of this plant have a simple margin (i.e., without large indentations) adorned with small protrusions (serrations). Observations indicate that a feedback
between auxin and PIN1 guides the initiation of marginal protrusions, but the operation
of this feedback requires the expression of CUP-SHAPED-COTLYEDON2 (CUC2) at the
leaf margin [22, 91, 175]. I propose a model of these processes as a basis for simulating the
development of the Arabidopsis leaf margin over time. The local rate of margin growth is
controlled by the concentrations of CUC2 and auxin along the margin, effecting a feedback
between molecular processes and growth. The model’s validity is supported by simulations
reproducing wild-type development as well as the phenotypes of several mutants. The regu-
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latory module consisting of CUC2, auxin and PIN1 appears to be largely conserved between
species (Section 2.3.3); consequently this model provides a tool for conceptualizing leaf margin development in other species as well (see [107, 167, 171] for examples).
Traditionally, leaves are divided into simple and compound, the latter having several leaflike forms, or leaflets, arranged around a common stalk (or branching structures of stalks). To
elucidate the differences in development that lead to simple versus compound leaves the third
case study examines the development of the leaf margin in Cardamine hirsuta. This species is
a close relative of Arabidopsis, but has compound, rather than simple, leaves. Experimental
data suggest similar roles for auxin, PIN1 and CUC2 in Cardamine and Arabidopsis [7,18,93],
and indicate that the development of a compound leaf form depends on the expression of the
KNOX gene SHOOTMERISTEMLESS (STM ) near the leaf base [7, 93, 258]. To account
for these observations I present a model of Cardamine extending that of Arabidopsis. This
model incorporates STM into the molecular processes assumed in Arabidopsis, and extends
the growth model to allow for the dynamic establishment of lateral growth axes. The model
reproduces Cardamine leaf development, including the observed spatio-temporal patterns
of gene expression and auxin concentration. It also indicates that the establishment of
additional axes of growth is required for compound leaf development.
An additional contribution of the preceding simulation studies of leaf development is
the margin propagation method developed for Arabidopsis, and its extension proposed for
Cardamine. These methods are suitable for simulation studies of leaf margin development in
other simple and compound leaved plants (e.g. [171]). Extension to surfaces is also possible,
allowing for the simulation of growth and patterning on the shoot apical meristem to be
considered (discussed in Appendix C).
Taken together, the preceding case studies point to a general logic underlying leaf form
development in eudicots 2 . To explore this logic I propose a geometric framework for modeling
and investigating the diversity of leaf forms seen in nature. This framework abstracts from
2

Eudicots (or true dicots) are the largest clade of flowering plants.

5

the underlying genetic details and focuses on the self-organization of leaf geometry (in a
similar spirit to previous geometric models of phyllotaxis [248] and vascular patterning [218]).
Leaf form development is viewed as the interplay of four processes: (1) deformation of the
leaf margin due to locally controlled growth, with rates dependent on margin state and
the spatial arrangement of main veins; (2) introduction of new marginal protrusions based
on distances measured along the margin; (3) modification of the margin state based on
proximity to newly added protrusions; (4) the introduction of veins connecting marginal
protrusions to existing vasculature along the shortest path through the leaf blade. These
veins define new axes of growth. Although phrased in geometric terms, each of the above
processes can be crisply related to molecular details. Thus, in principle, the natural diversity
of leaves can be explored from the level of molecular interactions to the level of macroscopic
forms. Additionally, the method can produce a broad range of leaf forms that are suitable
for applications in computer graphics (image synthesis).

1.1

Thesis Organization

The thesis is organized as follows. In Chapter 2, I overview related topics, including: general
aspects of modeling plant development and form (Section 2.1), biological and computational
aspects of polar auxin transport (Section 2.2) and leaf form development (Section 2.3).
The next three chapters present modeling case studies focused on organ initiation and vein
development in Brachypodium distachyon (Chapter 3), and leaf margin development in Arabidopsis thaliana (Chapter 4) and Cardamine hirsuta (Chapter 5). In Chapter 6, I propose
a geometric model of leaf form development based on the preceding case studies. Finally in
Chapter 7 I summarize the results and contributions of this thesis, and highlight directions
for further work.
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Chapter 2
Background
2.1

Computational modeling of plant development and form

Computational studies of plant development commenced in the later half of the 20th century. Work in this area progressed steadily until the end of the century, when the rapid
increase in the availability of cellular resolution data providing insights into the molecular
processes underlying development began to fuel the recent, explosive development of the
field (as evidenced by numerous recent reviews e.g. [34, 83, 112, 114, 190, 199, 200, 219]) 1 . On
one hand, the sequencing of the human genome put in focus the chasm between knowing the
genome of an organism and understanding how this organism develops and functions. Computational models contribute towards bridging this chasm. On the other hand, successes of
early conceptual models that relate patterns of gene expression to the form of animals [136]
and plants [38] have prompted a quest for a comprehensive, mechanistic understanding of
development [37]. Current experimental and computational techniques for tracking growth
and observing marked proteins in living tissues [5, 61, 203, 265] are yielding a wealth of data
that correlate molecular-level processes with plant development and form. Computational
models play an increasingly important role in interpreting these data.
The use of models has been accelerated by advancements in computer hardware, software, and modeling methodologies. General-purpose mathematical software (e.g. Mathematica and Matlab), modeling programs built on their basis (e.g. GFtbox [121]) and
specialized packages for modeling plants (e.g. the Virtual Laboratory, L-studio [189], and
OpenAlea [186], as well as recent frameworks supporting cellular-level models, such as Virtu1

A more detailed discussion of historical advancements is presented in [200, 219], on which portions of
this chapter are based.
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alLeaf [161] and Cellzilla [235]) facilitate model construction, compared to general-purpose
programming languages.
A model providing a mechanistic understanding of the molecular basis of plant form
development must simulate two basic processes: patterning and growth. The molecular basis
of patterning in plants is intricately linked to polar auxin transport. There is a surprising
preference for this mode of patterning, as even phenomena that can be accounted for by
conceptually simpler reaction-diffusion models 2 , such as phyllotaxis [159], appear to arise
from an intricate feedback between auxin and PIN-FORMED (PIN) proteins [113,204,247] 3 .
A thorough discussion of polar auxin transport is deferred to Section 2.2.1 where the relevant
molecular biology is also discussed.
Simulating the interplay of patterning and growth in models of plant form development
often requires changes in the number of simulated elements (for instance, cells in a tissue
divide, introducing new cells and cell walls), in addition to changes in their states (e.g. cell
geometry and cellular concentrations of molecular compounds change over time). Systems
that undergo such changes are called Dynamic-Systems with Dynamic-Structure (DS-DS),
and necessitate special techniques to handle the frequent changes in the number of elements
that characterize these systems [72,73]. The following sub-section discusses these techniques,
with mathematical aspects of the description of growth presented next.

2.1.1

Representing dynamical systems with dynamical structure

The physical principle of locality states that an object is only influenced by its immediate
surroundings. Consequently, connections between the equations that describe a DS-DS typically reflect the changing topology of the system, that is changing neighborhood relations
2

As the name implies, reaction-diffusion models generate spatial patterns by simulating the diffusion
and reactions of two or more compounds in a tissue. This mode of patterning was initially described
by Turing [260] and substantially developed by Meinhardt and colleagues [74, 158]. Typical examples of
reaction-diffusion patterns include approximately equidistant dots, stripes and network patterns.
3
A table of the genes introduced in this section, along with the page on which they first appear is provided
in Appendix A
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between the system components. A tree moving in the wind provides an intuitive example
of the distinction between geometry and topology. As the branches bend and leaves reorient, the geometry (shape) of the tree changes, but its topology, or the manner in which
the elements are connected, remains fixed (unless some branches break off). At a smaller
spatial scale, the neighborhood relations between cells in a plant tissue are also an example
of a topological property. The plant cells are cemented together [251, p. 2], thus growth
affects the size and shape of the cells, but does not affect their neighborhoods, which can
only change as a result of cell division (exceptions may occur, such as cell separation caused
by the invasive growth of a pollen tube penetrating stigmatic and stylar tissues [79]). As
many features of plant structure have a topological character, the type and representation
of topology plays an important role in model construction (Figure 2.1). In particular, they
determine how the neighbors of each element are identified for simulating information flow
(e.g., molecular signaling or mechanical interactions between cells) and to effect changes
resulting from cell divisions.
A widely used representation of linear and branching structures was introduced in the
theory of L-systems [141, 197]. In this representation, a sequence of elements (e.g., cells in
a filament, or consecutive internodes forming a plant axis) is written as a string of symbols,
each of which denotes an individual element. Branches are enclosed in brackets. Information
about the neighbors is gathered, and changes in topology effected, using the mathematical
construct called a rewriting rule or production. For example, the production C < A → SA
may specify that an apical cell A in the neighborhood of a cell in state C will divide into a
subapical cell S and a new apical cell A. To characterize developing structures in more detail,
L-system symbols may be associated with attributes. For instance, C(l, d, a) may denote
cell C with length l, diameter d and auxin concentration a. This simple, textual notation
for productions and elements on which they operate is the basis of several L-system-based
modeling languages and programs, such as cpfg [197], L+C [118] and GroIMP [100]. In this
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Figure 2.1: Examples of biological structures with different topologies. A filament (A) and
a leaf margin (B) are one-dimensional structures, which can be represented by strings of
symbols. A tree or the skeleton of a compound leaf (C) are branching one-dimensional
structures, which can be represented by strings of symbols with brackets (matching pairs
of brackets enclose branches). Two-dimensional cellular layers can be modeled using planar
graphs (D, E), with the vertices representing cell-wall junctions (D) or cells (E). A graph can
be specified by listing all edges incident to each vertex in a circular order; this representation
is also convenient when modifying or traversing the graph. For example, edge s is next to e
in the counterclockwise list of edges incident in vertex v. Three dimensional cellular tissues
can be represented using cell-complexes, which consist of three-dimensional (3D) cells (R, Q)
with the associated 2D walls (e.g. w), 1D edges (e), and 0D vertices (v). This representation
suffices to specify the neighbors of any dimension and traverse the structure. For example,
cell Q is the unique neighbor of R across wall w.
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thesis L-systems are used to implement the models of leaf margin development presented in
Chapters 4 and 5, and portions of the geometric model of leaf development presented in
Chapter 6.
Two-dimensional structures, such as projections or sections of cell layers, can be described
by graphs: mathematical data structures consisting of vertices and edges. According to one
interpretation (Figure 2.1D), the edges represent cell walls, and the vertices denote junctions
at which three or more walls meet [197]. In the dual interpretation (Figure 2.1E), the vertices
represent cells rather than wall junctions [103]. Graphs with both interpretations can be
coupled and used simultaneously, thus providing an explicit representation for cells, cell
walls and cell junctions. In either case, the edges emanating from a vertex can be circularly
ordered, forming a graph rotation system [54]. Graph rotation systems provide a complete
description of the topology of two-dimensional cellular arrangements, can be easily searched
for information about the neighbors of a given cell, and modified to model topological changes
such as cell divisions. They are the foundation of the modeling system VV [244, 245], which
has been used, for example, to model dividing cells in the epidermis of a growing shoot apical
meristem [247] and the longitudinal cross-section of the apex [10] (see also Chapter 3).
An emerging general approach, applicable to structures of any dimensions, is based on
the topological notion of a cell complex [29]. In this case, all elements of a structure are
related to their boundaries. Thus, three-dimensional cells are related to their bounding faces,
the faces are related to their one-dimensional edges, and the edges are related to the junction
points at which they meet (Figure 2.1F). It can be shown that such a representation can
be systematically traversed to provide information regarding immediate (direct) and nonimmediate (indirect) neighbors of each cell, and locally modified to model cell divisions [133,
134].

11

2.1.2

Mathematical and computational models of growth

While topology characterizes neighborhood relations between components of a structure,
geometry deals with metric attributes: distances, angles, areas and volumes. As the geometry
of biological forms results from growth, modeling of growth plays an essential role in the
precise description of form.
Growth can be described and modeled in a global or local manner [217, §5.2.1]. The
global description has its origins in d’Arcy Thompson’s observation that forms of related
but different organisms can be obtained one from another by transforming (deforming) the
coordinate system in which they have been expressed [206, 256]. From the computational
modeling perspective, transformations of the coordinate systems are related to computer
graphics techniques for deforming, or morphing, geometric objects [77]. While providing
a descriptive, rather than mechanistic, description of growth, transformations of the coordinate system and other morphing techniques are useful in coarsely representing growing
surfaces and volumes in which more detailed morphogenetic processes take place. For example, transformations were applied to model the growth of leaves underlying the patterning
of veins [218] and the growth of shoot apical meristems in which phyllotactic patterning
occurs [247, 248].
Alternatively, growth can be described in a local manner, in terms of changes in size and
dimensions of small regions of the developing structure (Figure 2.2). At any time, and at
each location, growth in size is characterized by a single number: the relative elementary rate
of growth in length, area, or volume [205,206]. A complete characterization of growth at any
point requires several numbers, because growth rates in different directions may be different
(reviewed by [39]). Silk and Erickson [239], and Hejnowicz and Romberger [99] observed
that these sets of numbers are tensors: mathematical objects which can be represented as
matrices obeying specific rules when transformed from one coordinate system to another [51].
Global growth results from the integration of growth tensors in space and over time. This
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Figure 2.2: Local growth and global changes of a growing tissue. In uniform growth (A), local
growth rates (white arrows) are the same throughout the tissue. Isotropic growth occurs if
the rates are also the same in all directions (left). The tissue changes in size, but not in
shape. Anisotropic growth occurs if local growth rates depend on directions (right). The
shape of the tissue changes. In non-uniform growth (B), local growth rates depend on the
position in the tissue. In the example shown, growth is isotropic, but growth rates increase
along the u-axis (blue to red). The rates are specified in the tissue’s initial state and are
carried with the tissue as it grows. The shape of the tissue changes, and many regions are
rotated as a result of global integration of growth.
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integration is subject to two key constraints. First, specific components of the growth tensor
must be spatially continuous, so that the tissue grows symplastically (without tearing).
Second, the tissue must fit in the available space. In some cases, this space is limited by
other tissues or organs, such as bud scales that constrain leaves growing within buds [42,43].
Even empty ambient space, however, constrains the range of forms that can be embedded
in it. For instance, fast growth at the margin compared to the interior necessarily produces
surfaces with a wavy margin. Conversely, fast growth at the center compared to the margin
yields surfaces formed like a cup. The distinction between these two cases is formalized
in the notion of Gaussian curvature, reviewed in a biological context by Prusinkiewicz and
Barbier de Reuille [193].
Over the last decade, relations between growth, metric, curvature, and the global form
of surfaces became a subject of intensive research. It combines a molecular genetic perspective [55, 81, 173] with a physical perspective rooted in elasticity theory and differential
geometry [3, 124, 140, 152, 236]. The interdisciplinary links between these perspectives stem
from the observation that the growth tensor is mathematically equivalent to the strain rate
tensor used to characterize local deformations in continuum mechanics [238,239]. Both parts
of continuum mechanics, the mechanics of fluids and the mechanics of solids, have been applied to characterize biological growth [242]. The elasticity theory perspective afforded by
solid mechanics turned out to be particularly useful, as it offers an intuitive (although often
computationally involved) solution to the problem of embedding a growing surface in the
available space [78, 210]. Although geometric in nature, the embedding problem is most
conveniently solved as a physical problem of minimizing the elastic energy of a surface or
volume. Mathematical details of the mechanical approach to growth and form is beyond
the scope of this background section. Links between geometry and elasticity theory motivated by biological problems have been surveyed in [3], and related material focused on the
mathematics and mechanics of growth by Yavari [274].
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The recent rapid advancement of the understanding of the physical nature of plant growth
has been increasingly aided by the use of cellular force microscopy and atomic force microscopy. These techniques permit the measurement of force vs displacement at discrete
points of plant tissues, thus permitting the contribution of mechanical factors to morphogenesis to be investigated [163, 214]. Physically, tissue growth can be viewed as the result
of cell-walls yielding to residual forces produced by osmotic pressure (plasticity) with rates
controlled by cell-wall synthesis. Thus, plant growth can be considered to arise from an
interplay of visco-plasticity and cell wall synthesis [163]

4

More recent works point to an intricate feedback between mechanical properties and patterning. The spatial pattern of molecular compounds, such as auxin, controls the mechanical
properties and stresses in cellular tissues [214], as well as the magnitude of growth [172, 214,
265]. In turn, mechanical forces temper specified growth rates to correct for spatial constraints [9,172]. This highlights a sophisticated system of growth regulation, where the integration of molecular patterning and mechanosensing permits targeted forms to be achieved.
Additional details are presented in the introductory overview of the vigorously developing
field of plant biomechanics by Boudaoud [25], as well as the recent surveys by Hamant [89]
and Uyttewaal [261].
An important practical consideration in the description and modeling of growth is the
distinction between Eulerian and Lagrangian viewpoints [39, 162, 239]. From the Eulerian
viewpoint, growth is described as a flow of matter through space (Figure 2.3A). In contrast,
from the Lagrangian viewpoint, growth is described as a change of position of material
points (e.g., cells) over time (Figure 2.3B). Bridson [28, Chapter 1.3] provides an intuitive
explanation of this difference, using two ways of characterizing river flow as an example.
From the Eulerian viewpoint, this flow is characterized by recording the velocity of the river
4

In a visco-plastic continuum the dynamics of the system are dominated by the viscosity and plasticity of
the medium. In particular, viscosity is assumed to be high enough to render elastic restoring forces negligible.
Thus, changes in form are due to a permanent time dependent deformation (i.e. plasticity), as opposed to
reversible elastic deformations.
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B
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Figure 2.3: A comparison of Eulerian (A) and Lagrangian (B) specifications of leaf growth.
In the Eulerian setting, growth is specified by discretizing the simulation space and recording
the content of the grid points over time. In the Lagrangian setting (B), growth is specified
by discretizing the growing tissue and tracking positions of the grid points over time.
at fixed points along the riverbed. From the Lagrangian viewpoint, it can be characterized
by placing floating markers in the river and recording the position of each marker over
time. Although both descriptions are formally equivalent, in specific applications one often
offers distinct advantages over the other [58]. For example, growth of plant axes has often
been measured and modeled in Laplacian terms, by recording the length of internodes over
time [168, 198]. On the other hand, the Eulerian viewpoint has been adopted to model
the growth of root [98] and shoot [247] apical meristems. In these models, the growth rates
change for each individual cell as it is displaced within its meristem, but (in the steady state)
do not change over time when measured with respect to these meristems. This invariance
makes the Eulerian viewpoint a more convenient choice.

2.2

Polar auxin transport in plant development

A key objective of developmental biology is to understand how molecular processes drive
the development of tissues, organs, and entire organisms. In plants, the growth regulator
auxin appears to play a commanding role, on which many developmental processes depend,
16
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Figure 2.4: Processes and patterns regulated by auxin in postembryonic development according to the reverse (shoot) and inverse (root) fountain model [13]. Blue arrows indicate
the paths and directions of auxin flow. Blue circles mark points of auxin accumulation.
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including leaf initiation and development. Recent studies complement each other in forming an emerging integrative view of plant development focused on polar auxin transport.
According to this view, known as the reverse/inverse fountain model [13], auxin performs
diverse patterning, signaling and regulatory functions, fundamental to plant development, as
it flows from the shoot to the root. It is thus useful to broadly review the role of polar auxin
transport in development, which provides a general context for the more detailed discussion
of processes related to leaf development and initiation in following sections.
The morphogenetic role of auxin begins in the embryo, where its dynamic, differential
distribution establishes the shoot-root polarity [270]. Post-embryonically, auxin is produced
in the vicinity of the shoot apical meristem, and is transported in the epidermis toward
the peripheral zone of the apex (Fig. 2.4). There it accumulates in emergent convergence
points, which determine the phyllotactic pattern of the incipient plant organs: leaves, flowers,
and new branches [113, 204, 247]. As a leaf grows and becomes flat, further convergence
points appear at the leaf margin [91, 231]. These points may be correlated with the growth
pattern of the margin, leading to the formation of serrated [22, 91], lobed, or compound
[7, 12, 126, 257] leaves. From the primordia auxin flows into the subepidermal layers of the
apex and, subsequently, into the plant stem. In this process, it is “canalized” into narrow
paths [10, 164, 165, 176, 212, 221, 223], which, in the case of a leaf, mark the location of the
primary vein and its extension into stem vasculature. Within the stem, auxin is involved in
the patterning of the vascular system and the activation of lateral buds [16, 45, 192], thus
coordinating the development of the branching plant structure [139]. From the stem, auxin
continues on to the root system, flowing through the root-shoot transition zone towards
the apical meristems of the main and lateral roots, and reversing its direction in the root
epidermis. In this process, it is involved in the maintenance and growth of sharply bounded
meristematic and elongation zones [84], initiation of lateral rootlets [13, 135, 149, 150, 166]
and tropic responses to gravity [254, 276]. In recent years, the interplay between auxin
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and further morphogenetic factors, such as other hormones, nutrients, light, and mechanical
forces acting on cells, has also been considered [138].
The ability of auxin to perform these diverse functions is related to the pattern of its
transport and the feedback between transport and the intercellular distribution of transporters. This includes, in particular, the highly mobile efflux carriers from the PIN protein
family [276]. These proteins take on non-uniform localizations along cell walls, and move
auxin out of the cell. The cellular localization of PIN (also referred to as polarization) appears
to emerge from a feedback between auxin and PIN, where the nature of this feedback seems
to differ depending on the phenomena considered to generate convergence points [91,204,263]
or canals [10, 176, 231]. This leads to the central question of polar-auxin-transport — how,
precisely, is PIN localization regulated? At present, a detailed picture of the factors determining PIN polarity is beginning to emerge [86, 219, 276], but this picture is characterized
by complicated feedbacks between auxin and its transport, which is in turn regulated by
additional compounds [22, 66, 153, 170, 208, 255]. As a result, computational models have
come to play an essential role in the study of auxin-related patterning. Accordingly, the biological details of PIN polarization and patterning are provided in the context of the following
sections which discuss mathematical and computational aspects of these topics.

2.2.1

Modeling molecular processes and patterning in plant tissues

Most models of auxin-based patterning operate at the cellular level (i.e. cell and cell-walls
are represented explicitly), as this level of abstraction is most readily related to biological
observations of gene expression. In this case, each cell is characterized by the concentrations
of relevant substances, e.g. auxin, PIN, AUX/LAX (AUXIN and LIKE AUXIN protein
family), and CUC (CUPSHAPED COTYLEDON). Additional parameters are used to nuance this representation, for example by indicating the polar allocation of PIN proteins to
different sections of the membrane (discussed below) or by specifying the gradient of auxin
concentration within the cell [165]. This level of abstraction is closely related to micro19
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Processes underlying cellular level models of polar auxin transport with (A) and
without (B) intercellular space. Variables and parameters denoted by letters are explained in the
main text.

scopic observations, and is often used in models and their visualizations. Further details
can be given by subdividing the cell into compartments and specifying relevant parameters
individually for each compartment [128].
Auxin-induced patterning in plants is intimately related to auxin distribution and transport, in which auxin efflux carriers from the PIN family [276] and auxin influx carriers from
the AUX/LAX family [255] received the closest attention. The currently recognized key
processes involved in auxin transport are shown in Fig. 2.5A. The concentration of PIN on
each membrane is determined by allocation (exocytosis, 1) and deallocation (endocytosis,
2) from a pool of free PIN in the cell. PINs located at the membrane export auxin from
the cell to the extracellular space (3). From there, auxin is transported back into cells with
the help of AUX/LAX proteins (4), which are assumed to be uniformly distributed along
the cell membranes. Auxin also moves between the cells and the extracellular space by diffusion and background transport due to the residual presence of auxin exporters along the
cell membranes (5). Finally, auxin diffuses between neighboring extracellular compartments
(6). If the extracellular space is neglected, there is no extracellular diffusion, and any auxin
leaving a cell directly enters the adjacent cell, as shown in Figure 2.5B.
Below the typical equations used to model these processes are presented. I first discuss the
case when extracellular space is included, then introduce the simplified equations employed
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when this space is omitted. For simplicity, it is assumed that each cell has unit volume and
each cell wall has unit area. Extensions to non-uniform volumes and lengths are described,
for example, in the following works [10, 113, 247, 252].
Auxin mass conservation
In cell i, auxin concentration [IAAi ] changes according to the equation
d[IAAi ]
= P roduction − Removal − F lux .
dt

(2.1)

The P roduction term accounts for auxin biosynthesis. The Removal term captures auxin
turnover or conversion of auxin to a conjugated form. Both these terms may depend on the
auxin concentration [IAAi ] (as suggested by the biological observations in [11]). For example,
auxin production may have the form of a polynomial or rational polynomial function (e.g.
[247, Eq. 5]), which are easily derived from the chemically plausible laws of mass action [235].
The P roduction term may also incorporate the effect of exogenous application of auxin in
simulated experiments (e.g. [247]), and both the P roduction and Removal terms may include
sources or sinks representing tissues not explicitly included in the simulation (e.g. [164]).
The last term, F lux, represents the net flow (difference between outflux and influx) of
auxin from cell i. It is the sum of fluxes Φij through the membranes of cell i facing cells j
in the neighborhood N (i) of cell i:
F lux =

X

Φij .

(2.2)

j∈N (i)

Cells do not exchange fluxes directly, but via the intercellular space. Auxin concentration
[IAAij ] in the extracellular compartment between cells i and j changes according to the
fluxes from cells i and j and diffusion to neighboring extracellular regions:
d[IAAij ]
= Φij + Φji − DE
dt

X

([IAAij ] − [IAAkl ]),

(2.3)

(k,l)∈N (i,j)

where the sum is taken over all extracellular neighbors (k, l) of the extracellular compartment
(i, j). The coefficient DE represents the rate of diffusion between adjacent compartments.
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Fluxes Φij through cell membranes are described in the following section, and depend on the
diffusion and active transport of auxin through the cell membrane.
Auxin fluxes
Inside a cell and within the intercellular space, auxin is assumed to move by diffusion.
However, the transport of auxin into and out of cells is more complicated. The chemiosmotic
model [76, 164, 202, 216] was proposed to provide a physicochemical basis for the description
of this transport. Auxin is a weak acid, and in the neutral pH inside cells (pH 7 [15]) it
is largely dissociated. In this ionic form, auxin is hydrophilic and unable to diffuse across
the plasma membrane. To leave a cell, auxin requires the activity of carriers located at
the plasma membrane [276], among which PIN proteins appear to play the most prominent
morphogenetic role. Outside the cell, a significant portion of auxin becomes protonated
in the lower pH of the extracellular space (pH

5.5 [15]). This auxin is lipophilic, which

makes it able to cross the plasma membrane and diffuse back into cells. Additionally, auxin
is transported into cells by the AUX/LAX family of auxin import carriers, located in the
plasma membrane.
Equations often used to implement the chemiosmotic model of auxin transport have
been presented by Kramer [130]; see also [96, 113, 128, 225, 254]. Analysis of these equations
(see [219]) indicates that diffusion out of the cell is negligible, and that outflux is predominately due to active transport of auxin by PIN. It also indicates that influx occurs due to
diffusion and active import by the AUX/LAX family of auxin import carriers. Consequently,
the net flux through the membrane is equal to
Φij = TO [P INij ][IAAi ] + DCE [IAAi ] − DEC [IAAij ] − TI [AU Xi ][IAAij ].

(2.4)

All the elements of this equation are illustrated in Figure 2.5. The first term accounts for the
transport of auxin from cell i to the extracellular space between cells i and j by PIN, with
efficiency TO . It is sometimes assumed that this transport is non-linear and the efficiency of
PIN decreases as the concentration of auxin in cell i increases [113] or as the concentration of
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auxin in the adjacent compartment increases [10, 35, 213, 247]. The second and third terms
account for background auxin transport into the extracellular space with rate DCE , and
diffusion from the extracellular space into the cell with rate DEC , respectively. The last term
captures active import of auxin from the extracellular space [IAAij ] by AUX/LAX proteins,
with rate TI . For AUX/LAX the same concentration [AU Xi ] is used for all segments of the
cell membrane, as these proteins are typically uniformly localized throughout the membrane.
When extracellular compartments are included, all communication between cells is mediated by the extracellular space. Explicit representation of extracellular space is particularly
useful in models including the action of AUX/LAX proteins [128,266] and those interrogating
the fundamental mechanisms that underly PIN polarization [1, 130, 213, 266]. However, in
patterning models, such as those examined in this thesis, extracellular space is often assumed
to play a secondary role and is omitted (Fig. 2.5B). In this case, auxin is transported directly
between neighboring cells, i.e., every efflux implies a corresponding influx. Equation 2.4 then
takes the form:
Φij = T ([P INij ][IAAi ] − [P INji ][IAAj ]) + D([IAAi ] − [IAAj ]).

(2.5)

Equation 2.5 has been used in numerous models, e.g. [22, 63, 113, 165, 176, 192, 212, 247, 252].
The first term accounts for polar transport of auxin from cell i to cell j by PIN located in the
membrane of cell i facing j, with efficiency given by T . The second term accounts for polar
transport from cell j to cell i in an analogous way. The last two terms account for non-polar
transport between the cells, with rate given by D. They represent the combined effect of
phenomena such as diffusion through the extracellular space, background transport of auxin
by PIN and other efflux carriers (e.g. ATP-BINDING CASSETTE B proteins (ABCB) [276]),
and diffusion through the plasmodesmata [220] 5 . Note that Φij = −Φji , which is not
the case when extracellular space is present. Equation 2.5 can be contrasted with that
appearing in facilitated diffusion models [165, 212, 262] (discussed below), which postulate
5

Plasmodesmata are small channels directly connecting adjacent cells.
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regulated permeability of the cell membranes instead of polar auxin transport controlled by
the membrane concentration of influx and efflux carriers. In terms of Equation 2.5, T is then
equal to 0, and the values of D change locally as a function of the absolute value of Φij .
Unlike polar transport, facilitated diffusion cannot move auxin up a concentration gradient.
PIN cycling
The concentration of PIN in the membrane of cell i abutting cell j changes due to allocation
from (exocytosis) and deallocation to (endocytosis) a pool of unallocated PIN in the cell i:
d[P INij ]
= α[P INi ] − δ[P INij ].
dt

(2.6)

Here [P INi ] denotes PIN concentration within the cell, α is the rate of exocytosis, and δ is
the rate of endocytosis. These rates may depend on several factors. For α, typical examples
include auxin concentration in the neighboring cell j [10, 22, 53, 113, 176, 247] and auxin flux
through the membrane [10, 59, 63, 176, 252]. In contrast, δ may be a function of cellular
auxin concentration [178], and cytokinin [153, 154]. Endocytosis also likely depends on the
membrane concentrations of AUXIN BINDING PROTEIN 1 (ABP1) [208](which is modeled
in [130] and [266]), and REPRESSOR OF PRIMER proteins (ROP) [170](which is modeled
in [1]). In Chapter 4 it is postulated that CUC2 may be required in some instances to
modify cellular PIN polarizations based on the biological observations of [22], which could
be accomplished by acting on α and δ (this is explored in Chapter 5). A broad survey of
the various PIN allocation schemes proposed in the literature is provided by van Berkel et
al. [262], who examined properties of these schemes at the level of cell membranes, cells, and
one-dimensional files of cells.
Balancing the allocation of PIN proteins to the cell membranes, the change in concentration of PIN in the cytosol is:
X d[P INij ]
d[P INi ]
=−
.
dt
dt
j∈N (i)

24

(2.7)

with the flux

up the gradient

Φij

PINi

IAAj

IAAi

Figure 2.6: Hypothetical feedbacks controlling the localization of PIN proteins. With-the-flux models assume that (positive) auxin flux Φij (c.f. Eq. 2.5) through a cell membrane
increases exocytosis, whereas up-the-gradient models assume that high auxin concentration
[IAAj ] in the adjoining cell increases exocytosis. Some models also assume that cellular
auxin concentration [IAAi ] inhibits endocytosis.
Initial models of polar auxin transport did not employ Equations 2.6 and 2.7, and instead
assumed independent production of PIN-like efflux carriers at different segments of the cell
membrane [165, 212]. However, competitive allocation of PIN proteins from a common pool
appears to be more justified in view of biological data [71], and readily leads to high auxin
concentrations in developing veins [63], consistent with observations (Section 2.2.2). Recent
mathematical analysis [59, 262] shows that competitive allocation increases the range of
parameters for which stable pattern formation may occur. Equation 2.7 can be extended to
account for the production and turnover of PIN via the introduction of additional terms (in
the same spirit as the production and turnover of auxin in Eq. 2.1).

2.2.2

Auxin based patterning

Molecular-level observations suggest that auxin regulates its own transport through a feedback with PIN proteins [10,91,204,231] (Fig. 2.6). This feedback likely provides the basis for
the self-organized patterning of many elements of plant anatomy [7, 10, 22, 91, 176, 204, 231].
Two different types of feedback between auxin and the cellular localization of PIN have
been proposed, not precluding a possibility that they are different manifestations of a common mechanism. On one hand, leaf primordia, as well as serrations, lobes and leaflets, are
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initiated at auxin maxima (as inferred indirectly through auxin reporters such as DR5) 6 ,
with PIN1 in surrounding tissues polarized towards these maxima [7,10,22,91,126,176,204].
This has lead to the hypothesis that PIN polarizes up the gradient of auxin concentration to
generate convergence points [113, 247]. On the other hand, during vascular initiation, PIN1
expression is refined into highly polarized strands [10, 176, 231]. The patterning of these
strands is generally consistent with the canalization hypothesis proposed by Sachs [221,222],
according to which auxin flux through cells increases their capacity to transport auxin. The
corresponding computational models thus assume that PIN polarizes with the flux of auxin
transport [10, 63, 67, 164, 165, 176, 212, 252]. Computational models employing these two
types of feedback reproduce a broad range of the observed spatio-temporal patterns of auxin
signaling and PIN polarization.
Although formulated in molecular terms, neither of these feedbacks explains the molecular
mechanism of PIN polarization (i.e. how auxin-flux is sensed, or auxin concentration in a
neighboring cell is perceived). As experimental data remain limited, several computational
models have recently been proposed to explore hypothetical mechanisms. Generally, these
models can be divided into two classes: those postulating a purely biochemical polarization
mechanism [1, 130, 213, 266] and those incorporating biomechanical factors [95] (see [219]
for an in-depth review). Further investigations combining experimental observations and
computer models will likely provide an understanding of polar-auxin-transport at the level
of molecules and molecular-reactions. Given the current state of knowledge, however, this
thesis focuses on the up-the-gradient and with-the-flux polarization regimes, as patterning at
this level of abstraction is relatively well-understood and thus can be more readily extended
to account for detailed biological observations of various phenomena (as in Chapters 3-5) or
used as a basis for reasoning about the macroscopic nature of auxin-based patterning (as in
Chapter 6).
6

Typically, it is not possible to observe auxin concentrations directly.
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IAA

Figure 2.7: Up-the-gradient patterning. (A) One-dimensional pattern of equidistant auxin
peaks that emerge when PINs orient up the gradient of auxin concentration. PIN polarization
in each cell is shown in red and auxin concentration in green. Polar transport up the auxin
gradient (red arrows) balances diffusion down the gradient (blue arrows) in the steady state
shown. (B) A two dimensional counterpart of the simulation from (A) also produces a
pattern of auxin peaks. (C) The steady-state auxin concentration in a row of 50 cells plotted
as a function of the efficiency of PIN transport T (Eq. 2.5). Red and black dashes indicate
the approximate size and position of each cell. As the efficiency of transport increases, the
number of maxima increases as well.
Up-the-gradient models
In up-the-gradient models, PIN is allocated to each cell membrane according to the auxin
concentration in the neighboring cell (Fig. 2.6). This causes small differences in cellular
auxin concentration to be amplified, leading to the emergence of a stable pattern of periodic auxin maxima [53, 113, 225, 247, 262]. Formally, up-the-gradient polarization can be
enacted by making the rate of exocytosis, α in Equation 2.6, an increasing function of auxin
concentration in the neighboring cell j, while keeping the rate of endocytosis δ constant 7 .
In up-the-gradient models constructed to date, PIN polarization has been assumed to be
7

As noted by [225, p. 66], the opposite case, where the rate of exocytosis is constant and the rate of
endocytosis is regulated, is mathematically equivalent; what matters is the ratio between both processes.
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fast compared to the production and turnover of PINs, as well as changes in cellular auxin
concentration. Consequently, the concentrations of PIN at each cell membrane and inside
each cell were set to their steady-state values at each simulation step:
α([IAAj ])
,
k∈N (i) α([IAAk ]) + δ

(2.8)

δ
.
k∈N (i) α([IAAk ]) + δ

(2.9)

[P INij ] = P
[P INi ] = P

These equations can be derived by assuming that the total amount of PIN proteins in the
P
cell, [P INi ] + j∈N (i) [P INij ], is constant, and setting Equations 2.6 and 2.7 to 0 (see [113]
for details). A key difference in initial models was the choice of the function α([IAAj ]) relating the rate of PIN allocation to a membrane to the auxin concentration in the abutting
cell. Jonsson et al. [113] employed a Hill function and Smith et al. [247] an exponential
function. Simulations and mathematical analysis showed that, with either function, up-thegradient polarization can generate one- and two-dimensional periodic patterns of approximately equidistant auxin maxima [53, 113, 225, 247, 262] (Fig. 2.7 A,B). Different spacings
can be achieved by adjusting model parameters, with the number of cells between peaks
depending on the parameters of auxin transport: the efficiency of polar auxin transport T
compared to diffusion rate D (Eq. 2.5, Fig. 2.7C). Further analysis in two dimensions showed
that up-the-gradient models are also capable of creating striped patterns [225], similar to
those emerging in reaction-diffusion models [158, Chapter 12]. Differentiating between variants of up-the-gradient polarization models, recent mathematical analysis by Draelants et
al. [53] demonstrated that the model of Smith et al. [247] can produce oscillating steady
states and confirmed the observation by Jonsson et al. [113] that their model cannot.
Vieten et al. [264] reported strong upregulation of PIN1 expression at the sites of primordia initiation, suggesting the dependence of PIN1 production on auxin. Model studies
by Smith et al. [247] and Heisler et al. [96] showed that such an upregulation can destabilize auxin peaks. Specifically, if PIN levels increase with auxin concentration, a cell with a
high concentration of auxin will also have a high concentration of PIN, resulting in a large
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outflux of auxin. This may cause the maximum to shift to neighboring cells, which Smith et
al. [247] and Heisler et al. [96] found undesirable in the context of phyllotactic patterning. To
stabilize the location of auxin maxima during phyllotactic patterning Smith et al. assumed
that convergence points had special properties: auxin production was increased nearby, and
neighboring tissues polarized towards these points. A molecular level explanation of convergence point stabilization is proposed in Chapter 4 on the basis of the observations of
Bilsborough et al. [22].
In contrast, Merks et al. [160] exploited the instability of auxin peaks, motivated by the
appeal of a unified model potentially explaining both the formation of convergence points
and vascular strands. In their model, the auxin maximum that initiates a leaf primordium
subsequently moves into subepidermal tissues. PIN polarity follows this moving peak, leaving
behind a strand of polarized PINs patterning a future vein. Unfortunately, predictions of
this model are not consistent with the observed spatio-temporal patterns of auxin maxima
and PIN polarization in developing leaves. For example, the predicted progression of the
auxin maximum from the leaf tip towards the base during midvein formation is not observed
in Arabidopsis leaves, where the maximum indicated by the DR5 reporter remains at the tip
as the midvein develops. Correspondingly, most models of vein patterning assume a different
mode of PIN polarization, discussed next.
With-the-flux models
In with-the-flux models, PIN allocation to a cell membrane is promoted by auxin flux through
this membrane. With-the-flux polarization is the cornerstone of the canalization hypothesis
formulated by Sachs [221–224]. Historically, it was the first conceptual model of patterning
that involved auxin and postulated the feedback of auxin on its own transport.
Sachs postulated that the export of auxin across a cell membrane promotes further auxin
transport in the same direction, and hypothesized that this feedback creates canals of auxin
flow in a manner analogous to the carving of riverbeds by flowing water [224]. Using a com-
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putational model operating on a square array of cells, Mitchison [164, 165] showed that the
with-the-flux polarization model proposed by Sachs can indeed generate canals of high auxin
flux. A reimplementation of Mitchison’s model by Rolland-Lagan and Prusinkiewicz [212]
(Fig. 2.8A) and its reinterpretation in terms of a feedback between auxin flow and polarization of PIN1 proteins confirmed that the canalization hypothesis is generally consistent with
observations of vein formation in developing leaves.
Mitchison [164] proposed two main variants of his model, facilitated diffusion and polar
transport. Each of these variants suggests a different molecular mechanism. In the case of
facilitated diffusion, transport was effected by passive channels. The diffusion rate between
cells was assumed to increase with net auxin flux, irrespective of the flux direction. Mitchison
suggested plasmodesmata as potential candidates for the channels. Although it is likely that
auxin can move through plasmodesmata to some extent [220], experimental support for a
feedback based on auxin flux is presently lacking.
Polar transport is more compatible with the chemiosmotic model of auxin transport and
molecular data on the localization and polarity of the PIN proteins [212]. At the cellular level,
the impact of auxin on carrier allocation is captured by making parameter α in Equation 2.6
a function of the net flux through the cell membrane,


 h(Φij ) Φij ≥ 0
α(Φij ) =

 0
otherwise

(2.10)

where h(Φij ) is an increasing function of net flux. According to this equation, the export
of auxin across a cell membrane promotes further auxin transport in the same direction.
Mitchison [164] used a quadratic allocation function h(Φij ) (Fig. 2.8A) and reported that it
must be supralinear for canalization to occur. This feature was later investigated by Feugier
et al. [63] who found that a variety of supralinear functions for carrier allocation produced
strands, including a step function. They also showed that if allocation is linear or sublinear
then broad patterns of coordinated polarity over many cells arise (Fig. 2.8B). Stoma et
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Figure 2.8: Patterns generated by with-the-flux (A-C) and dual polarization (D-F) models. (A)
A reimplementation [212] of the model proposed by Mitchison [164]. PINs (red) are allocated
assuming a quadratic dependence on auxin flux (black arrows). A canal of polarized cells is formed,
connecting the auxin source at the top of the grid (outlined in green) to the sink at the bottom
(middle cell, bottom row). The canal is characterized by high flux and low concentration of auxin
(blue). (B) Linear PIN allocation function results in a broad coordination of PIN polarity across
the tissue. (C) An implementation of the canalization model of Feugier et al. [63]. In contrast to
panel (A), PINs are drawn from a limited pool, causing transport to saturate and auxin to build
up in the strand. (D-F) Three frames of a simulation using the dual polarization model by Bayer
et al. [10]. (D) Epidermal cells (top row) initially polarize up the gradient, causing a convergence
point to form in the center of the top row. (E) As auxin levels increase, the peak extends into
the inner tissue. (F) The resulting strand elongates until it reaches the sink. Images courtesy of
Richard Smith.
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al. [252] exploited this regime in a model which — similar to the model of Merks et al. [160]
— attempted to encompass phyllotaxis and vein formation using a common mechanism. In
this model, linear polarization was assumed in the epidermis of the shoot apical meristem,
producing broad patterns of PIN polarization towards primordia, and quadratic polarization
was used to model the subepidermal patterning of veins. The produced patterns of PIN
polarization closely matched those observed in the shoot apical meristem, but the model
predicted a decrease of auxin concentration at the tips of leaf primordia that did not match
auxin patterns reported by DR5.
Mitchison’s model produces canals with high flux and low concentration of auxin (Fig. 2.8A),
whereas experiments suggest that auxin concentration in canals is high [231]. Exploring this
discrepancy, Feugier et al. [63] proposed and analyzed variants of Mitchison’s models that
operated according to two scenarios: with PINs allocated to different membrane sectors independently, and with PINs allocated to membranes from a fixed pool within each cell. In
the first case, simulations confirmed that the concentration of auxin in canals was lower than
in the surrounding tissue, as originally predicted by Mitchison’s model. In contrast, when
cell membranes competed for the PINs within each cell, the models produced canals with
auxin concentration higher than in the surrounding tissue (Fig. 2.8C). This result removed
a key inconsistency between the canalization hypothesis and experimental data.
The dual-polarization model
The proposed modes of PIN polarization by auxin, up the gradient and with the flux, involve
the same molecular players. This raises the question of how a plant decides where and when
to deploy each mode. Addressing this question, Bayer et al. [10] investigated the development
of the midvein in tomato leaf primordia. There the auxin peak that causes leaf initiation in
the meristem remains in place while the strand that prepatterns the midvein is formed. To
explain these dynamics, Bayer et al. proposed a dual-polarization model, according to which
up-the-gradient and with-the-flux modes operate concurrently, with the weights dependent
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on the tissue type and auxin concentration. Fig. 2.8D-F shows a simulation of this model. At
first, auxin levels are low, allowing PINs to polarize up the gradient in the L1 and form a new
convergence point (Fig. 2.8D). As the auxin levels increase, cells at the convergence point
begin to favor with-the-flux polarization, which directs auxin flow toward inner tissues. This
causes the peak to extend into a canal that eventually connects the source to the sink (Fig.
2.8E,F). The model reliably produces canals with high auxin concentration, as any drop in
concentration would restore the up-the-gradient polarization mode, replenishing auxin in the
canal. The work of Bayer et al. [10] and the model of auxin-driven pattering in the spikelet
meristem of grasses presented in this thesis (Chapter 3) suggest that the combined action
of the up-the-gradient and with-the-flux polarization modes suffices to explain patterning
induced by polar auxin transport in the shoot. An interesting hypothesis is that the deployment of each mode may be mediated by MAB4 (MACCHI-BOU4) [69]. This protein is
required for the transition in polarity, leading to the internalization of auxin, observed in the
epidermis of the shoot apical meristem, in a manner dependent on auxin concentration. The
protein PID (PINOID) is another candidate [262], and is known to regulate apical vs. basal
polarization of members of the PIN family in the root [66], again in an auxin-dependent
manner [65].
The role of import carriers
In addition to export carriers, the flow of auxin is affected by the AUX/LAX family of
import carriers [14, 181] (Eq.2.4). These proteins are typically, although not always [253],
located uniformly on the cell membranes. In contrast to studies of PINs, which have been
focused on their primary role in the self-organization of patterns, experimental results and
models have focused on the role of AUX/LAX in enhancing and maintaining patterns of high
auxin concentration in selected cells, vascular strands [128] and tissues [204, 254]. Notably,
Heisler et al. [96] and Sahlin et al. [225] showed that auxin-induced AUX/LAX proteins
may help to fix auxin maxima at the locations at which they emerged (i.e., the convergence
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points), and thus stabilize phyllotactic patterns. This role of AUX/LAX is consistent with
the observations of irregular phyllotaxis patterns in plants with multiple mutations (3 or
more) of these importers [4].

2.3

Leaf form and growth

The developmental origin of the leaf form diversity seen in nature is the central topic of this
thesis. Discussion of this topic benefits from the introduction of the appropriate terminology
to describe leaf form (Morphology, Sec. 2.3.1), and a number of the theories and concepts
which underlie the current understanding of leaf form development (Sec. 2.3.2). Following
these preliminaries there are sections discussing the molecular (Sec. 2.3.3) and computational
aspects (Sec. 2.3.4) of leaf form development.

2.3.1

Morphology

To describe leaf form I employ the terminology and classifications developed in [57, 115].
Leaves are often attached to the stem by a thin stalk called a petiole, which supports a
flattened leaf blade. In this case the leaf is said to be petiolate, and when no petiole is
present the leaf is said to be sessile. Leaves are further classified based on the form of their
blade as either simple or compound (Fig. 2.9). Simple leaves (Fig. 2.9 A-C) have a single,
undivided leaf blade. The blade is characterized by the form of the leaf margin (the outer
edge of the blade). If the margin is smooth it is said to be entire (Fig. 2.9 A). When small
protrusions are present, the leaf is toothed, and the protrusions are called teeth (Fig. 2.9 B).
Symmetric teeth are dentate, and asymmetric teeth are called serrations. Larger protrusions
are lobes and generate a lobed (as opposed to toothed) margin (Fig. 2.9 C). In both toothed
and lobed leaves the indentation separating successive protrusions is called a sinus. In
compound leaves, the leaf blade is divided into a number of leaf-like forms called leaflets,
arranged around a common stalk termed the rachis (Fig. 2.9 D). Compound and lobed leaves
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Figure 2.9: Leaves illustrating the basic elements of leaf morphology (A-D). Corresponding
diagrams are provided in the bottom row and illustrate the basic terminology used to describe
leaf form (E). A leaf typically consist of a blade (lamina, the flat part of the leaf) attached to
the stem by a petiole (leaf stalk). Simple leaves have a single undivided blade (A-C). A leaf
with a smooth margin (edge), is said to be entire (A). In contrast, a leaf is said to be toothed
if it the margin has small protrusions (e.g. serrations) (B), and lobed if the margin has large
protrusions (i.e. lobes) (C). Serrations and lobes are not necessarily mutually exclusive, as
illustrated by the leaf in (C). The indentation between successive marginal protrusions is
called a sinus. Compound leaves are divided into several sub-units called leaflets, attached
to a central stalk called the rachis (D). In compound leaves, the petiole is the bottom-most
portion of the stalk that bears no leaflets.
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are categorized as pinnate when lobes and leaflets are approximately perpendicular to the
leaf axis, and palmate when these features are arranged radially, like fingers around a palm
(Fig. 2.9 E).
The preceding morphological features are not necessarily mutually exclusive, and leaflets
may have entire, toothed, lobed, or even compound forms (in the last case giving rise to
a recursively compound structure). Similarly, simple leaves may exhibit both lobes and
serrations (Fig. 2.9 C), or a hierarchy of serration sizes. Simple and compound leaves with
reiterations of serrations, leaflets or lobes often have a fractal character. This was first
observed by the plant morphologist Arber [2], who noted that
The relation to one another of a compound leaf, a simple leaf, and a mere lobe or
hair, may perhaps be described as identity-in-parallel. A leaflet of a compound
leaf comes in, as it were, on both sides of the equation: to the compound leaf, the
leaflet stands in the relation of part to whole, but it is also the equivalent of
the compound leaf as a whole, though in another generation.
The definition of identity-in-parallel is strikingly similar to that of self-similarity, arising
in fractal geometry [191]. Intriguingly, Arber published her insight in 1950, preceding the
publication of Mandelbrot’s seminal work introducing fractals and fractal geometry [151] by
over 25 years.
The descriptive terminology of morphology can be further nuanced by geometric description of the leaf base and apex (Fig. 2.10 A) [57], and the forms of leaflets, serrations and
lobes. The leaf apex and base are characterized by the angle made at the point of attachment
to the midvein (B) and their overall shape (C).
The angle θ at the leaf tip is the apex angle (Fig. 2.10 B), and the tip is acute when
θ ≤ 90◦ , obtuse when 90◦ < θ ≤ 180◦ and reflex when θ > 180◦ . The angle at the leaf base
is the base angle, which, in the same fashion as the tip, is used to characterize the base as
acute, obtuse or reflex.
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Figure 2.10: The terminology used to describe the leaf apex and base. (A) The leaf apex and
base comprise the top and bottom quarter of the blade, respectively. (B) Characterization
of the angle made by the leaf margin at the leaf tip (the apex angle) and leaf base (the base
angle). Black circles indicate the point where the midvein and margin meet, the base angle
(bottom) and apex angle (top) is indicated by the circle arc. Angles falling in the blue region
are acute, those in the yellow region are obtuse and those in the red regions are retuse. (C)
Classification of the shape of the apex and base as described in the text.
The shape of the leaf apex is characterized by the form of the margin (Fig. 2.10 B) and is
concave if the margin curves towards the midvein, straight if the margin is relatively straight
and convex if the margin curves away from the midvein (but without extending beyond the
tip of the leaf). If the margin extends beyond the leaf tip it is said to have apical extension.
The shape of the leaf base is classified using the same terminology, except that when the
margin extends below the point of attachment between the margin and midvein it is called
a basal extension. When the shape of the leaf apex or base is asymmetric (i.e. the left
and right margin do not have the same form) then the form of the left and right sides are
classified independently.
The characterization of leaf shape in Fig. 2.10 B as described above can also be used to
describe the shape of leaflets, lobes and serrations. In the case of leaflets, the characterization
used for leaves applies directly. An additional aspect of dissected compound leaves (Fig. 2.9
D), is the relative positioning of leaflets on opposing sides of the rachis. When leaflets
appear in opposing positions along the rachis (i.e. in pairs) leaflets are said to have an
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opposite arrangement. In contrast, arrangements close to opposite are called subopposite
and when leaflets are placed regularly but alternate between the two side of the rachis an
alternating arrangement is produced.
For lobes and serrations the terminology used to describe the leaf apex is still applicable,
but as lamina spans the regions between neighboring protrusions it is not possible to apply
the characterization of leaf bases to lobes and serrations. Instead, the form of sinuses is
classified as angular if the margin forms a sharp indentation and rounded if the curvature of
this region is more diffuse.

2.3.2

Guiding theories

A limitation of the above morphological characterizations is that they are not directly related
to leaf growth and development, the de-facto origin of leaf form diversity. In nature, however,
leaves of the same plant exhibit differing numbers of lobes or leaflets, or vary between
simple, lobed and compound forms (Fig. 2.11) [75]. This suggests that large changes in
final morphology may, in some cases, correspond to small changes in the operation of the
mechanisms controlling leaf form development. Some insights can be obtained by examining
the natural variation of leaf shape occurring in genetically homogeneous or closely related
populations, such as a single plant or plant species, as these examples provide an indication
of the developmental proximity of forms. Typically observed examples include variation
in both the number of marginal protrusions and depth of sinuses, as well as transitions
between simple, lobed and compound forms [36, 111]. This indicates that, developmentally,
changes in number and amplitude of marginal protrusions and indentations may be relatively
straightforward.
Additional insights can be obtained from the structured hypothesis regarding leaf form
development devised from biological observations. In contrast to morphology, which is largely
descriptive, these theories make assumptions regarding the mechanisms of leaf development
and thus provide a basis for reductionistic reasoning.
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Figure 2.11: A collection of leaves from a single flame tree (Brachychiton acerifolius).
Examples of leaves with an entire margin (A), one lateral lobe (B), three lobes (C), five
lobes (D, E), and seven lobes (F) are shown. Photos courtesy of P. Prusinkiewicz.
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Several lines of reasoning lead to the perspective that leaf development is closely related
to phyllotactic patterning on the shoot apical meristem. From an evolutionary perspective,
telome theory proposes that leaves are originally derived from the shoot by a combination of
overtopping (retarded growth of a lateral sub-branch), planation (the restriction of the subbranch to a single plane) and progressive webbing (introduction of laminar tissue filling the
spaces between veins) [281]. Conceptually, an extension of this theory is the hypothesis that
the diversity of leaf forms seen today is a result of variations in the domains in which webbing
occurs and the degree of webbing that occurs in these regions (as explored in Chapter 6).
This perspective is consistent with the partial-shoot theory, which proposes that compound
leaves are determinate shoots with a planar phyllotaxy [2] (i.e. the leaflet tips undergo
webbing while the interleaving regions of the rachis do not).
Recent molecular studies also support the preceding hypothesis as it appears that there
are a number of similarities between the processes initiating serrations, lobes and leaflets
and those initiating new organs on the shoot apical meristem (as shown in Chapter 4, and
discussed in [19, 175]). Furthermore, it seems that transitions between simple entire leaves
and serrated, lobed or compound forms can be achieved by varying the expression levels
and domains of several genes which also regulate meristem development (e.g. CUC and
KNOTTED1-LIKE HOMEOBOX (KNOX) genes [7, 18, 21, 92, 175, 183, 234]). The detailed
effects of CUC and KNOX on leaf form are discussed in detail in the following section, which
summarizes the molecular details of leaf form development.
A more detailed picture of the relation between leaf and apex development is provided
by the theory of marginal blastozone fractionation, proposed by Hagemann [87]. He hypothsised that during leaf development the margin plays a similar role to the shoot apical
meristem during phyllotaxis. In particular, Hagemann proposed that morphogenetic regions
at the margin (i.e. blastozones) direct leaf growth. He further proposed that, similar to the
induction of new organs during phyllotaxis, new morphogenetic regions were introduced over
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time. This process was dubbed fractionation, as the introduction of a new blastozone was
presumed to partition a blastozone into two fractions, with each giving rise to a marginal
protrusion.
An understanding of natural variation is possible by synthesizing Hagemann’s theory
with the concept of heterochrony— defined as a developmental change in the timing of
events, generating a corresponding change in form. In leaf development, spatial temporal
variation of competency to fractionate and the output of fractionation (i.e. serrations, leaflets
or lobes) provides a plausible explanation for natural variation in leaf form. This view is
increasingly supported by experimental data [55, 234], which are reviewed in detail in the
following section.
The preceding theories attempt to provide an understanding of the nature of leaves and
the patterning of elements of leaf form, but do not provide detailed hypotheses regarding
the coordination of leaf blade growth required to produce these forms. However, leaf form
appears to be strongly correlated with leaf vasculature [47], leading to the hypothesis that
growth polarity may be correlated with the direction of main veins. While the molecular
nature of the establishment and maintenance of the growth that results in leaf form development is still unclear, it is clear that there is a strong correlation between the orientation
of main veins and directions of growth. In the simple leaves of Arabidopsis the leaf expands
primarily in the direction of the mid-vein [17,131]. Similarly, in Cardamine and tomato, the
veins bisecting leaflets identify their primary direction of growth [7, 155].
The theories outlined above are essential to building the conceptual models which bridge
the gap between biological observations and the computer models of leaf development and
form I present in this thesis.

2.3.3

The molecular basis of leaf development

In plants, aerial organs are initiated at growing shoot apical meristems (SAMs, located at
the tips of shoots) from which the above-ground portion of the plant is derived. During
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vegitative growth a SAM produces the precursors of leaves and auxiliary meristems. With
the exception of the cotyledons, which are produced during embryogenesis, leaf primordia
are initiated at the shoot apical meristem. The initiation of a leaf marks a departure of
the leaf initials from the indeterminate state of meristematic stem-cells to a determinate
developmental trajectory which will give rise to a mature leaf. This switch is correlated
with a number of changes in the initiating leaf that establish leaf identity, the developmental
axes of the leaf, and a number of morphologically significant boundaries [8, 26, 27]. These
boundaries mark the division between the leaf and the SAM and the abaxial and adaxial
domains of the leaf (i.e. the leaf margin).
Following initiation, a leaf progresses through two further developmental phases, referred
to as primary and secondary leaf morphogenesis. During primary morphogenesis the basic
elements of leaf form are patterned as marginal protrusions, along with the vasculature of the
leaf. Secondary morphogenesis follows, and is characterized by the arrest of cell-divisions,
which leads to an expansive phase of growth, and the differentiation of vascular tissues and
trichomes (i.e. hairs). Each stage of development (i.e. initiation, primary and secondary
morphogenesis) has a number of correlated developmental features which distinguish it from
the other stages of leaf development, and each can be identified based on differences in gene
expression profiles [55]. Furthermore, each cell in the leaf must pass through these three
stages to reach maturity. Consequently, these three phases provide a basic developmental
program that each cell in the leaf follows. The timing of these three phases appears to be
under strict control of genes that determines the spatial-temporal transition from primary
to secondary morphogenesis in the leaf [55, 56].
The general features of leaf development outlined above are expanded upon in the remaining portions of this section, which respectively discuss the details of leaf initiation, the
patterning of marginal protrusions, vascular patterning and the developmental program of
the leaf.
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Figure 2.12: The anatomy of an adaxial-abaxial cross-section of a leaf. The adaxial-abaxial
dimension of the leaf can be divided into 4 cell layers: the upper-epidermis, covered by the
waxy cuticle; the sub-epidermal layers of the pallisade mesophyll and spongy mesophyll; and
the lower-epidermis with covering cuticle. Vascular bundles are found in the sub-epidermal
layers and consist of three tissues: xylem (adaxial side), phloem (abaxial side), and bundle
sheath (surrounding the phloem and xylem). The lower epidermis contains stomata, which
are surrounded by guard cells. Figure taken, with permission, from [272]
Leaf Initiation
Leaf primordia are initiated on the flanks of the SAM at periodic intervals.

The site

of initiation is marked by numerous changes in auxin distribution, gene expression and
growth [8,26,56,229]. The first observable sign of leaf initiation is a region of increased PIN1
expression, coinciding with a maximum of auxin concentration (as marked by the auxin
reporter DR5) in the L1 layer (epidermis) of the SAM [97, 204] (Figure 2 in [97]). PIN1
proteins near the incipient primordium are localized non-uniformly on cell walls, polarized
towards the auxin maximum. Real-time confocal data shows that PIN1 in the L1 layer (epidermis) of the SAM changes localization dynamically, to direct auxin flux towards the sites
of new primordia [97]. Consequently, it is thought that the accumulation of auxin at the
incipient primordia results from the transport of auxin towards this site [204], generating an
auxin maxima at locations of convergent PIN1 polarization (subsequently dubbed a PIN1
convergence point (CP) [231]). This hypothesis is supported by experiments showing that
perturbing auxin transport in the SAM also perturbs the pattern of leaf initiation (phyl-
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lotaxis) [4, 8, 204]. Additional support comes from computational modeling, which shows
that up-the-gradient PIN polarization, and the resulting auxin transport (Section 2.2.2),
suffices to reproduce observations of phyllotactic patterning [113, 247].
Experiments also indicate that the L1 plays a significant role in phyllotactic patterning [10, 22, 122, 204, 247]. In Arabidopsis, expression of PIN1 exclusively in the L1 suffices,
and is required, for correct phyllotactic patterns [22]. Suppressing PIN1 expression in the
L1 results in aberrant phyllotactic angles, and when PIN1 expression is removed from both
the L1 and L2 layers no floral organs are initiated [122].
The appearance of the auxin maximum marking a primordium is correlated with the
upregulation of genes marking leaf identity, and the downregulation of several meristematic genes [8, 229]. This includes the upregulation of AS1 (ASSYMETRIC LEAVES 1 ) and
the downregulation of the KNOX genes BP (BREVIPEDICELLUS ) and STM (SHOOTMERISTEMLESS ) [229]. The expression domains of AS1 and KNOX genes are then refined
to mutually exclusive expression domains by reciprical inibition [8, 229]. The downregulation of KNOX genes results in their partial (in compound leaves) or complete (in simple
leaves) exclusion from the leaf primordium [33, 229]. These changes are correlated with the
outgrowth of the primordium from the SAM [123], creating a radially symmetric protrusion
about the auxin maximum [8]. Following initiation, expression of CUC marks the boundary
between the leaf and the SAM [229].
Once leaf identity has been established three axes are defined in the leaf primordium,
which serve as a reference for subsequent development of the leaf [26]. These are the
Proximal-Distal (PD) axis (base to tip of the leaf), the abaxial-adaxial axis (bottom vs
top side of the leaf), and medial-lateral axis (from the mid-vein to the margin). Differences
in gene expression along the proximal-distal axis are likely established by the auxin gradient
present during leaf initiation. This gradient helps to determine the expression of CUC and
KNOX genes in the leaf [27]. The expression of these genes sets the stage for the generation
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marginal protrusions during later phases of leaf development [7, 22, 33] (described in the
following section).
The patterning of the abaxial-adaxial axis establishes mutually exclusive expression domains marking the bottom (abaxial) and top (adaxial) sides of the leaf. Abaxial-adaxial
patterning is thought to be initiated by a molecular signal originating in the meristem [26].
This signal is hypothesised to form a gradient centered on the meristem tip, and provides the
positional information required to differentiate between the two sides of the leaf. Accordingly, the signal increases the expression of the adaxial HD-ZIPIII family of proteins near the
meristem tip, and initiates expression of proteins from the YABBY and KANADI families,
which promote abaxial fate, further away [26,229]. Auxin is a part of this process [27,97] and
promotes abaxial fate indirectly, via the regulation of additional genes [229]. Once initiated,
the patterning of adaxial-abaxial identities becomes independent of the meristematic signal,
with mutual repression between abaxial and adaxial genes leading to the establishment of
two mutually exclusive expression domains [26]. The establishment of both domains is required for normal leaf development, as otherwise the leaf blade does not develop, resulting in
radialized leaves [26]. Accordingly, it is thought that a juxtaposition of adaxial and abaxial
identities is required for the correct establishment of the four layers of the leaf blade [26,229]
(the anatomy of these layers is described in Fig. 2.12). This juxtaposition is also required for
the patterning of the leaf margin, generated in the outer layer of the SAM at the boundary
between abaxial and adaxial tissues. As discussed in the next section, the margin is of particular morphological significance for the organization of marginal protrusions [6,229], which
has been likened to the role of the L1 during leaf initiation in the SAM [22].
In addition to the margin, a second morphologically significant boundary is established
during leaf initiation: the boundary between the leaf primordium and the SAM [27]. This
boundary is marked by the expression of CUC [27]. The location of CUC expression in the
SAM coincides with a groove separating the leaf from the shoot [8], where growth rates are
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reduced [123]. These observations have lead to the hypothesis that CUC acts as a growth
repressor, inhibiting the outgrowth of the SAM. This is supported by the phenotype of cuc
mutants, where the separation between primordia is lost, leading to the production of fused
organs [8].
Initiation of marginal protrusions
Although the form of serrations, lobes, and leaflets varies dramatically, the basic mechanism
patterning these features appears to be remarkably conserved among eudicots. In all three
cases, these features appear to be initiated as small protrusions in the marginal tissues of the
leaf blade or rachis. Similar to leaf initiation, protrusions are initiated at sites of high-auxin
concentration and PIN1 expression [22, 91, 126, 231, 269, 279]. This patterning appears to
be restricted to the margin of the leaf, similar to the restriction of phyllotactic patterning
in the SAM to the L1 layer, with PIN1 in nearby marginal cells polarized towards the
site of the protrusion. Polar auxin transport in the margin appears to provide a spacing
mechanism for marginal protrusions, initiating new protrusions as space becomes available
due to growth [22, 107, 119]. Experimentally, this perspective is supported by the relatively
consistent number of cells between serrations in Arabidopsis [119] and leaflets in Eschscholzia
californica [107], and the observed correlation between leaf growth distribution and the
introduction of marginal protrusions [22, 107, 110] (i.e. protrusions are introduced more
quickly in areas of rigorous growth).
The capacity to produce marginal protrusions appears to be dependent on the expression
of CUC [22, 175] (or its homologues [18, 23, 278]). In Arabidopsis, cuc2 mutants exhibit
smooth margins (as opposed to the serrated margins of wild-type leaves) [22, 175], and
goblet mutants in tomato exhibit reduced leaflet number [18] 8 . In Medicago truncatula
mutations in the gene NAM

9

lead to leaflet fusions, transforming leaflets into lobes [278].

Additionally, over-expression of the microRNA mir164a, which represses CUC2 expression,
8
9

GOBLET is a CUC homologue.
NAM is a CUC homologue.
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A

B

Figure 2.13: The second to seventh leaves of a A. thaliana wild type plant (A) and a plant
expressing STM under the BLS promoter (B). In (A) pronounced lateral lobes develop due
to the expression of STM in regions where the BLS is expressed (which is thought to largely
coincide with the regions of the leaf in primary morphogenesis). This figure consists of
materials from Figure 5 in [234]. Scale bars are 1cm.
leads to reduced serration in Arabidopsis [22,175] and reduced leaflet number in tomato and
Cardamine hirsuta [18]. Initial work in Lotus japanicus [269] and birch [167] also indicate
that auxin, PIN and CUC play a role in the regulation of margin shape in these species.
Observations of PIN1 and DR5 expression in cuc2 mutants of Arabidopsis indicate that
their lack of serration is a consequence of an inability to organize convergence points [22].
In the mutant, as in wild type, the convergence point initiating the leaf forms with PIN1 on
the margin localized towards the leaf tip. In contrast to the wild type, as the leaf develops
this polarization is maintained, precluding the formation of additional convergence points
and, consequently, serrations. These observations implicate CUC2 in the regulation of polar
transport, and imply that CUC2 expression is required for the changes in PIN1 localization
that are associated with the initiation of convergence points.
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According to the experimental data and results that are presented in detail in Chapter 4 polar auxin transport refines the expression of CUC2, creating a feedback loop that
determines the spatial pattern of marginal protrusions [22]. In wild-type leaves, CUC2 is initially expressed continuously along the leaf margin and downregulated at sites of high auxin
concentration [22]. This down-regulation is thought to be a combined effect of direct repression by auxin and indirect downregulation by auxin-dependent mir164a production. The
computational model proposed in Chapter 4 shows that the feedback between auxin, PIN1,
and CUC2 outlined above produces a sequence of interspersed auxin and CUC2 maxima on
the leaf margin. Observations indicate that the positions of auxin maxima coincide with
protrusion tips [22, 91], and the position of CUC2 expression maxima coincide with sinuses.
Consequently, it is thought that auxin promotes marginal outgrowth [22,91], whereas CUC2
inhibits the outgrowth of the margin [22, 175](consistent with the presumed role of CUC as
a growth repressor). The role of CUC2 as a growth suppressor is supported by observations
of mir164a mutants, which exhibit increased serration and increased CUC2 expression [22].
Together, CUC2, auxin and PIN1 provide the hereto identified components of the basic
module generating marginal protrusions. The output of this module (e.g. serrations, lobes,
or leaflets) appears to be dependent on the context in which it is deployed. A key requirement
for compound leaf development in eudicots appears to be the expression of KNOX genes in
the leaf
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[6, 7, 21, 92, 234]. This has been confirmed for Cardamine hirsuta - a close relative

of Arabidopsis with compound leaves and KNOX expression in the rachis [7]. In contrast,
there is no KNOX expression in the simple leaves of Arabidopsis. However, KNOX activity in
Arabidopsis leaves leads to an increase in the number of marginal protrusions and the depth
of sinuses [92, 183], and stage-specific expression of the KNOX gene STM results in the
development of pronounced lobes (Fig. 2.13, taken from Figure 5 in [234]). Observations
indicate that KNOX genes contribute to the patterning of marginal protrusions, evident
from experiments showing that varying the level and location of KNOX expression leads to
10

With the exception of legumes, where other genes appear to play the role of KNOX genes.
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changes in the spacing and number of protrusions [7,234] (although the precise nature of this
contribution is not yet well-understood). In contrast, the recently discovered REDUCED
COMPLEXITY (RCO) gene in Cardamine appears to regulate growth inhibition between
leaflets without directly effecting the patterning of marginal protrusions, thus providing a
means to separate growth and patterning inputs to leaf form [265].
An additional factor controlling the deployment of the PIN1-auxin-CUC module is the
progress of the developmental program of the leaf, controlled, in part, by the TCP family
of genes [6, 33]. The progress of cells through this program mediates the effects of other
factors, determining where the module can be deployed, and underlying the developmental
stage-specific effects of KNOX observed by Shani et al. [234] (summarized in the preceeding paragraph, and shown in Fig. 2.13). The role of the leaf’s developmental program in
determining leaf form is outlined in detail in the section following the discussion of vascular
development.
Vascular development
Veins are important for the function of the leaf as they transfer water into the leaf for
transpiration, and the products of photosynthesis out of the leaf for use in other tissues.
Consequently, vascular patterns should form an efficient transport network which respects
the form of the leaf. This requires a strong correlation between leaf shape and vascular
pattern [47]. At present, however, it is unclear whether this correlation results from veins,
or vascular precursors, playing an important role in determining leaf form or, conversely,
whether the mechanism that patterns veins is driven by the growth of the leaf blade (as
explored in the models of Runions et al. [218] and Fujita and Mochizuki [68]).
The patterning of vasculature appears to follow the canalization hypothesis proposed
by Tsvi Sachs [223] and discussed in Section 2.2.2. Biological observations indicate that
auxin plays the role of the vein-inducing signal, with the feedback between auxin and auxin
transport mediated by PIN1 proteins [10, 229, 231] (or their homologues [176]). The process
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of vascular patterning in Arabidopsis leaves was described in detail by Scarpella et al. [231],
and their observations are summarized below.
During leaf development, the auxin at the convergence point (CP) established during
initiation is internalized, leading to broad upregulation of PIN1 near the CP. This expression
pattern is subsequently refined to a single strand bisecting the leaf, with PIN1 oriented
towards the base of the leaf, patterning the midvein. As the leaf continues to grow, a similar
progression is observed at subsequent convergence points, which appear near the base of the
leaf, and pattern secondary veins. Consequently, the appearance of each CP is synchronized
with the patterning of a vascular strand connecting the CP to a pre-existing strand. For
secondary veins, the strand originating at the CP is subsequently transformed into a loop
by the patterning of a second strand, connected to the first strand near the margin, and
extending distally to form a second connection to other pre-vascular strands in the leaf.
Unlike the mid-vein, which has a uniform polarization away from the CP, the second strand
is polarized towards the CP near the margin, and away from the CP at the other end. The
point of transition between these two polarities is marked by a single bipolar cell, with PIN1
localized to two ends of the cell.
There are few detailed studies examining PIN expression and polarity during vascular
patterning in the leaf outside of Arabidopsis. Observations of PIN during midvein formation
in tomato leaves [10], and B. distachyon lemmas [176] are generally consistent with Scarpella
et al.’s [231] observations of leaf midvein formation in Arabidopsis (with the exception that
the role of PIN1 is divided between three different PINs in B. distachyon). These two studies
indicate that the dynamics observed in Arabidopsis are reasonably representative of vascular
patterning in other plants.
The observations presented by Scarpella et al. seem to implicate the primacy of the margin in organizing vascular development in the leaf, in agreement with Hagemann’s concept of
a marginal blastozone. This is consistent with the SAM, where the formation of convergence
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points in the L1 is required for proper canalization of veins in the stem [123]. In this thesis
I rely on the preceding perspective, although the relationship between marginal convergence
points and leaf vasculature is still not well understood, as genetic manipulations selectively
disrupting either PIN1 in sub-epidermal layers or the formation of convergence points on
the margin do not significantly perturb vascular development [22]. Some initial insights into
this process are offered by the recent observations by Sawchuk et al. [228], indicating that in
the absence of PIN1 intracellular polar auxin transport by PIN5, PIN6 and PIN8 contribute
to vascular patterning. At present, however, the mechanism whereby intracellular auxin
transport regulates vascular patterning is still unclear.
The program of leaf development
The formation of a leaf primordium marks a transition of the meristematic cells included in
the primordium to a determinate fate. Subsequent leaf development proceeds through two
additional phases before a mature leaf is produced: primary and secondary morphogenesis.
Following initiation, the leaf enters primary morphogenesis, defined by the morphogenic
potential of marginal regions (blastozones) to produce marginal protrusions [87,88]. Primary
morphogenesis is also characterized by growth with a significant amount of cell division, and
the patterning of vascular tissues. In contrast, secondary morphogenesis is characterized by
cessation of mitotic activity and increased expansive growth. The progression from primary
to secondary morphogenesis typically proceeds basipetally in eudicots (from the tip to the
base of the leaf). This pattern is most evident in the progression of cell-division arrest, as
visualized by CYCLIN expression [52, 120, 259] and inferred from clonal analysis [184, 185]
and detailed observations of leaf primordia [110].
The progression of leaf maturation seems to be controlled by the TCP family of genes [6,
56]. TCP expression appears at the leaf tip soon after initiation and proceeds basipetally,
mirroring the progress of the basipetal wave of cell-division arrest that marks the transition
to secondary morphogenesis [55, 56]. In experiments where TCP expression is increased

51

ubiquitously, leaf development is arrested. This is thought to be a consequence of precocious differentiation of the leaf primordium [56]. In contrast, tcp mutants exhibit increased
proliferative growth, resulting in an increase in the number of marginal protrusions [6, 56].
In Arabidopsis, this results in an increase in the size and number of serrations, and a distinct wavy margin phenotype (the leaf margin folds in a fractal-like pattern), resulting from
sustained cell-divisions near the leaf margin (in the basal portion of the leaf blade) [55].
For tomato and Cardamine, which have compound leaves, mutations in tcp homologues result in an increased number of leaflets and the iterative production of multiply compound
leaves [6, 56].
From these observations, it appears that the TCP genes determine the spatial-temporal
window in which the leaf is competent to deploy the CUC2-auxin-PIN1 module initiating
marginal protrusions. This hypothesis is supported by the phenotypes observed when TCP
expression is modulated in a stage-specific manner [55]. When TCP genes are selectively
down-regulated at early stages of leaf development, during initiation and early primary
morphogenesis, larger leaves are produced. However, the leaves lack the pronounced wavy
appearance and increased serration of tcp mutants. Reducing the expression of TCPs following initiation, but prior to the abolishment of the blastozone, produces a pronounced
phenotype, similar to what is observed in tcp mutants. In contrast, down-regulation of
TCPs late in leaf development, when the marginal blastozone has been abolished, has no
discernible phenotype.
During leaf development, the expression of CUC and PIN1 along the margin is progressively restricted to the basal portion of the leaf. This progression is similar to the basipetal
wave of cell division arrest [6,91]. Consequently, it is possible that TCP genes act to restrict
the spatial region competent to produce marginal protrusions by downregulating the expression of CUC2 and PIN1 on the margin. This is consistent with observations indicating that
TCPs may act to repress CUC expression [6].
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The progression of the window of competence modulates the effects of KNOX on leaf form,
as evidenced by observations of plants where KNOX expression is induced in a stage-specific
manner [234]. When expression is induced during primary morphogenesis, drastic increases
in leaf complexity are observed in tomato, Arabidopsis, and Cardamine. It is suspected
that KNOX genes control the progress of cells through the program of leaf development, as
ectopic KNOX expression can increase the duration of the proliferative phase of cell-division
in tomato, Cardamine and Arabidopsis [93, 234]. It is not known at present how KNOX and
TCP expression is integrated to determine maturity in the leaf.
In contrast to the current understanding of the developmental events occurring during
primary morphogenesis, the events occurring during secondary morphogenesis are less understood [55]. In some species, secondary morphogenesis may only mildly alter the form of
leaves, whereas in others it can lead to simplification, causing complex leaf primordium to
give rise to simple leaf forms [21]. Alternatively, in some monocots, simple primordia give
rise to dissected leaf forms due to abscission or programmed cell-death during secondary
morphogenesis [85]. Self-regulation of expansion may also underly the phenomenon of compensation, whereby leaves of the same species, consisting of vastly different cell numbers,
obtain the same final size [259]. These examples illustrate that the pattern of cell expansion
during secondary morphogenesis can be an important determinant of the final morphology
of leaves.

2.3.4

Modeling the form and development of leaves

From an algorithmic and mathematical perspective, modeling the development of leaves is a
particularly intriguing problem due to the diversity of leaf forms, ranging from geometrically
simple to fractal. Historically, it has not been clear what mathematical and modeling techniques are best suited to characterize and explain this diversity. Consequently, this history
gives testimony to a variety of approaches. Both developmental and non-developmental approaches have focused on representing the three morphogenetically significant tissues of the
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leaf — the margin, vascular pattern, and lamina. Many approaches represent only one of
these three (for example, [22, 145, 232] consider only the margin, [90, 194, 197] consider only
veins, and [106, 131] represent only the lamina), but methods combining representations of
the margin and vasculature [169], or veins and the lamina [104, 148, 182] have also been
considered. The remainder of this section reviews developmental models of leaf form.
Geometric modeling of simple leaves was pioneered by Scholten and Lindenmayer [232].
Their model characterized leaf forms in terms of propagation of the leaf margin (Figure 2.14A–D). A related model was employed to simulate entire leaf blades as a basis for
modeling leaf venation patterns [218]. In this case, not only the leaf margin, but also points
in the leaf blade propagated with explicitly specified velocities, dependent on the points’ positions. A framework for more mechanistic modeling of developing leaves and petals based
on elasticity theory was described by Coen et al. [39]. A critical aspect of this framework
was the propagation of hypothetical morphogens that controlled the rates and directions of
growth. The growing surface was approximated with a set of triangles, and a finite-element
method was applied to integrate their expansion into that of the entire surface. A refinement of this approach was more recently applied to model the development of snapdragon
flowers [81]. The resulting model highlights the role of polarity and anisotropic growth in
determining the final form of the flower, and captures the development in three dimensions
caused by changes in metric and the resulting changes in curvature.
More recently, extensions of this model were applied to model simple leaf development [131] 11 and petal development [226] in Arabidopsis thaliana (Fig. 2.15). These models
demonstrated that observed growth rates were best approximated when the magnitude of
growth had a basipetal gradient, which decreased as the distance from the leaf base increased.
In contrast, measured growth polarities were best approximated when initial growth polarities (Fig. 2.15 A (leaves) and C (petals)) were locked-in and carried with material points
by growth (i.e. the polarity field is deformed by growth, see Fig. 2.15 B (leaves) and D
11

The model did not attempt to account for serrations.
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Figure 2.14: Three classes of early computational leaf models. (A, B) Developmental model
of a simple leaf [232]. Sample points on the leaf margin (green circles) are moved away from
the growth centre (black circle) according to the angle θ with respect to the midvein (red
arrow, A). Iterative application of this process simulates the development of leaf form (B).
A more complex dependency of the displacement rate on the angle θ produces palmate (C)
and compound palmate (D) leaves. (E) A model of the branching structure of a compound
leaf [144]. L-system productions are shown in the inset. Ln represents the result of n
simulation steps. An older tip (dark green) extends the current axis of the skeleton and
initiates a lateral branch (light green). Young leaflets develop further after a two-step delay.
The leaf contours suggested by the growing skeleton were drawn by hand. (F) A model
of a lobed leaf margin [215]. The initial structure (axiom) and the L-system productions
are shown in the inset. Green symbols represent protrusions and red symbols represent
indentations. The strings of symbols generated in three successive steps were interpreted
geometrically by the draftsperson.
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Figure 2.15: Growth polarities observed in Arabidopsis thaliana leaves [131] (A,B) and
petals [226] (C,D). Arrows indicate the principal direction of growth, and red indicates
regions of high auxin concentration. Growth in leaf primordia (A) has a convergent polarization towards the auxin maxima at the leaf tip. This polarity is locked in and carried with
material points during growth (B). (C) Growth in petal primordia has a divergent polarization towards the diffuse auxin maxima along the distal portion of the petal margin. Similar
to leaves, this polarity is carried by material points (D).
(petals)). Reproducing the growth observed during leaf development required the direction
of growth polarities to converge at the tip of the leaf, pointing towards the position that, in
reality, would be occupied by the convergence point initiating the leaf. In the case of petals,
polarities diverged at the distal end of the organ, consistent with observations of broad DR5
expression there. Similar techniques have been employed in works examining the interplay
of differential expansion or shrinking (to simulate wilting [109, 148]) during later stages of
development. Varying rates of growth in the plane of the leaf causes leaves to form fractal
waves when growth increases towards the margin [39,40,156,193]. Variation in growth along
the adaxial-abaxial axis as a contributor to leaf and petal forms has also been considered.
For example, Ijiri et al. [106] considered the problem of simulating flowers opening due to
expansion and differential growth of the two sides of each petal. Flower opening then occurs
due to decreased expansion of the abaxial side of the petal relative to the adaxial. Whether
this is the mechanism by which flowers acquire their forms is unclear however, as a recent
simulation study by Liang and Mahadevan [140] indicates that lilies open due to non-uniform
growth in the plane of the flower petal.
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A continuum method, related to the elasticity based methods above, was developed by
Wang et al. [268] to model leaf expansion. Their approach did not rely on elasticity theory,
but instead treated growing tissues as a viscous incompressible fluid (as proposed by Silk
et al. [239]). Although the method only accounted for isotropic growth they were able to
simulate the expansive phase of leaf growth for Xanthium leaves.
The branching structure of compound leaves was another target of early computational
models [143, 144] (Figure 2.14E). The models were formulated in terms of L-systems. The
focal problem was a characterization of the relations between local production of leaflets and
the repetitive, recursive global structure of the resulting leaves. This relation was analyzed
further by Prusinkiewicz et al. [191], who linked topological and geometric characterizations of self-similarity in compound inflorescences and leaves. Links between the self-similar
geometry of compound leaves and the molecular biology of the underlying developmental
processes are explored in this thesis, but have not been explored by previous models.
Intermediate between simple and compound leaves, the third class of models was focused
on the recursive distribution of protrusions and indentations along the margin of lobed
leaves [142, 215] (Figure 2.14F). The models captured the sequences in which protrusions
and indentations appear in the course of development, rather than their exact geometry.
Consequently, the generated structures could not be visualized automatically and were drawn
by hand. In contrast, Jeune and Lacroix [110] proposed a descriptive model of the geometry
of the developing margin of lobed leaf primordium. Their model assumed a periodic rhythm
to lobe initiation, which was captured by fitting the spatial-temporal period of generating
functions to measured primorida. The resulting models reproduced the margin of young
leaf primordia, and implied that the periodicity of lobe initiation was related to the growth
rate of the leaf. The focus on the leaf margin pioneered by these models is consistent
with the important role attributed to the margin by current theoretical perspective [87] and
molecular-level studies [7, 22, 23, 33, 91, 175, 177]. The potentially important morphogenetic

57

role of changing metric relations in a growing leaf, for example the increase in distances
between lobes and indentations, was ignored.
Another class of methods for modeling leaf form was investigated by Kaino [116]. Inspired
by the observation that many digitate leaves can be folded along their main veins to produce
a simple curve, he proposed an origami based system for modeling digitate leaves. This
idea was recently developed into an intriguing three-dimensional model of leaf development
by Couturier et al. [42, 43]. They found that the contour of many deeply lobed leaves is
smooth when the leaf is folded within a bud, presumably fitting the confines of the bud
(Figure 2.16). Positions of folds are closely related to the pattern of main veins, linking the
form of the leaf to its venation. Thus, the form of a leaf may be partially determined by
the physical constraints imposed by the bud. The close correspondence of the geometry of
real and modeled leaves is appealing, but whether the postulated role of folding is indeed
consistent with the biology of leaf development remains an open question. Consequently, it
is currently unclear how the forms produced in a folded bud are related to those produced
by the operation of the PIN1-auxin-CUC module described above, and it is interesting to
note that similar leaf forms can be produced using both mechanisms (see Section 6.7).
Although molecular aspects of leaf form development are becoming clear, from a modeling
perspective they are largely unexplored. The work presented in this thesis represents some
of the first forays into modeling the molecular processes determining leaf form. A notable
exception, however, is the work of Chitwood et al. [35] examining leaf asymmetry in tomato.
They observed that auxin maxima in the model of phyllotaxis by Smith et al. [247] have an
asymmetric shape, and hypothesized that this asymmetry may disrupt the bilateral symmetry of leaf forms. They validated this hypothesis experimentally in tomato. Specifically, they
observed the predicted asymmetric DR5 expression due to differences in distances between
a given maximum and adjacent primordia in the clockwise and counterclockwise directions
around the shoot, and confirmed a relation between the direction of phyllotaxis (clockwise
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Figure 2.16: Computer model of a folded (A), partially unfolded (B), and fully unfolded (C)
palmate leaf. Anticlinal folds (red lines), corresponding to the primary veins, terminate at
the lobe tips. Synclinal folds (blue lines), located between the primary veins, terminate at
the indentations. The unfolded form (C) is determined by the pattern of folds and shape of
the bud constraining the unfolded leaf (A), as proposed by [42, 43]. Image courtesy of Sahar
Jazebi, generated using the system described in [108].
or counterclockwise) and the resulting asymmetry of leaves using a statistical analysis of leaf
form.

2.3.5

Modeling venation patterns

Cellular-level models of vascular patterning
In contrast to models of leaf development, which are only now beginning to incorporate
self-organizating elements, the molecular basis of vascular patterning was the subject of simulation studies even before the key molecular players were known. Modeling of vein formation
is intimately linked with auxin canalization already discussed in Section 2.2.2. Modeling the
formation of individual vascular strands, emerging in response to a predefined auxin source,
has a long history starting with the pioneering work of Mitchison [164]. In comparison, the
combined emergence of a convergence point and vascular strand, as observed during midvein
formation, has only recently become the subject of computer simulation [10,160,176,246,252].
These recent modeling efforts attempt to develop a detailed correspondence between simu-
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Figure 2.17: Comparison of experimental observations with the dual model for PIN1 polarization.
(A-C) Three stages of midvein initiation in a tomato shoot apex. Scalebars: 20µm. White stars
in the insets indicate the PIN1 convergence point in the L1. PIN1 immunolocalization (green)
suggests that PINs are oriented up the gradient of auxin concentration both in the L1 and in
the subepidermal tissues that surround the initiating vein (red arrows). In contrast, PINs at the
center of the convergence point and along the midvein appear to be oriented with the auxin flux
(white arrows). Intermediate polarities are observed at the boundary between both regions (yellow
arrows). (D-F) Successive stages of a simulation of PIN polarization using the dual-polarization
model. The simulation employs a cellular template approximating the microscopic image in (A).
Auxin concentration is shown in green, and PIN localization in red. (D) PINs in the inner tissue are
polarized towards the convergence point forming in the epidermis. (E) PINs near the convergence
point switch polarity as the auxin flow extends into the subepidermis. (F) Auxin flux reaches the
sink that represents pre-existing vasculature (dark cells at the bottom) and becomes refined into a
narrow strand. Figure adapted from [10] (Courtesy of Richard Smith).

lations and biological observations which is discussed in the remainder of this section.
As reviewed in Section 2.3.3 the localization of PIN1 proteins and the activation of the
DR5 auxin reporter in emerging leaves indicate that auxin reaching convergence points is
redirected there towards the leaf interior. Its flow is then organized into canals: narrow paths
that define the position of future veins. Initial models of the initiation of leaf midveins used
pure up-the-gradient [160] or with-the-flux [252] polarization modes. These models did not
fully reproduce the spatio-temporal dynamics of DR5 and PIN1 expression (as discussed in
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Section 2.2.2). Bayer et al. [10] reproduced detailed observations of leaf midvein initiation
with the dual-polarization model, which blends between both polarization modes based on
auxin concentration and tissue type (Fig. 2.17). In this model, up-the-gradient polarization is dominant in the epidermis and at low auxin concentrations, whereas with-the-flux
polarization is dominant in the subepidermal tissues and at high auxin concentrations. The
dual-polarization model reproduces the experimentally observed spatio-temporal sequence of
PIN polarizations and auxin distribution in a leaf primordium. It shows that up-the-gradient
and with-the-flux polarization modes can plausibly coexist in the convergence point. It also
captures the basal position of PIN proteins in the vein precursor cells, the gradual narrowing
of vein-defining canals, and the towards-the-vein orientation of PINs in the cells adjacent to
these canals. The model predicted a transient polarization of PIN1 proteins in the subepidermis towards the epidermis at the onset of the primordium formation. This phenomenon
was subsequently observed microscopically.
While formulating their model, Bayer et al. observed that canalizing strands cannot easily
find sinks representing previously formed veins (further discussed in [246]). To overcome
this problem, they introduced a hypothetical diffusing substance that was produced in the
vasculature and polarized cells towards existing veins. Subsequent work has yet to identity
this hypothetical substance, and the problem of finding the sink is revisited in Chapter 3,
where a molecularly plausible alternative is developed.
Another model integrating up-the-gradient polarization, leading to the formation of convergence points, and with-the-flux polarization, leading to the production of canals, captures
the formation of the midvein and first-order laterals veins in open venation patterns, i.e.,
patterns without loops [246]. Observations by Scarpella et al. [231] indicate that loops are
formed by anastomosis, i.e., connection of canals. PIN proteins in these canals have opposite
orientations, pointing away from a bipolar cell at which both canals meet. Mitchison’s [164]
model and its recreation by Rolland-Lagan and Prusinkiewicz [212] show that such a sce-
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nario of loop creation is possible if the bipolar cell is a source of auxin, turned on at a
precisely defined time. A separate model of vein patterning in areoles [50] also relies on
elevated auxin concentration to localize the meeting point. However, the data of Scarpella
et al. [231] do not show an elevated auxin concentration at the meeting points. It is possible
that bipolar cells are located at weak maxima of auxin concentration, not detected using the
experimental techniques of [231]. Another possibility, investigated using a computational
model by Feugier and Iwasa [62], is that proposed anastomosing canals are guided toward
each other by a hypothetical diffusing substance. The existence of such a substance has
not been experimentally confirmed. Thus the molecular basis of vascular patterning beyond
the formation of the midvein and first-order lateral branches remains unclear. As a result,
models of mature vascular patterns are geometric in nature and, at present, can only be
abstractly related to the molecular processes organizing veins.
Geometric models of vascular patterns
Venation patterns in many leaves are relatively irregular, making their morphogenesis even
more puzzling than that of phyllotactic patterns. Nevertheless, geometric models of venation
suggest similarities between both phenomena [80, 218]. The model of Runions et al. [218]
operates by iteratively extending partially formed veins towards points representing sources
of a vein-inducing signal (e.g., auxin), embedded in a growing leaf blade (Fig. 2.18 A, B).
The sources are dynamically added as the leaf grows, and removed as the veins approach
them. In an analogy to the inhibitory role of existing primordia in Hofmeister’s model
of phyllotaxis

12

, existing veins and signal sources inhibit the establishment of new sources

nearby. Consequently, the veins “colonize” the growing leaf blade without ever becoming too
dense, in a process analogous to the emergence of well spaced primordia during phyllotactic
patterning. The model suggests that the apparent complexity of vascular patterns is likely
12

Hofmeister proposed that existing primordia locally inhibit the formation of additional primordia [102].
In a growing meristem this proposition implies that new primordia are introduced as the space between
existing primodia increases, permitting points of low inhibition to emerge.
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Figure 2.18: Geometric models of leaf venation. The principal behind each method is shown
in (A), (C) and (E); red disks denote convergence points; green disks denote vasculature.
The operation of each method is shown in a predefined leaf blade in (B), (D) and (E),
respectively. Each simulation is initialized with a vein at the base of the leaf (green disk)
and some number of auxin sources (red disks). (A-B) The method proposed by Runions
et al. [218]. (A) Auxin sources interact with the closest vein. The direction vectors from
the vein to auxin sources is determined (black arrows), and the vein extends along the
average of these vectors (green arrow). (B) Iterative extension of veins towards the nearest
auxin sources (correspondences between veins and auxin sources are shown by blue lines)
produces an open venation pattern. (C-D) The method proposed by Gottlieb [80]. (C) Auxin
sources are added iteratively, and when a source is added it is connected to the closest point
on the existing vascular network. (D) Auxin sources are iteratively introduced between
veins, leading to the incremental generation of higher orders of venation. (E-F) The method
proposed by Rodkaew et al. [209]. (E) Auxin sources are drawn towards the closest auxin
source (orange arrows), and a vein at the base of the leaf (black arrows). They move in a
weighted average of these two directions (green arrow), leaving a provascular strand behind
(yellow disks). (F) Starting with a number of auxin sources placed along the leaf margin, the
iterative motion of these sources towards a sink at the leaf base generates an open venation
pattern.
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a manifestation of a self-organizing process operating on a simple geometric principle, and
highlights the importance of growth in driving this process. The model of Runions et al. [218]
was inspired by an earlier model of angiogenesis by Gottlieb [80], which doesn’t consider
the gradual introduction of a vein, but simply connects existing veins to sources along the
shortest path (Fig. 2.18 C). In Gottlieb’s model, a hierarchy of veins is produced by the
iterative introduction of sources (Fig. 2.18 D).
The preceding geometric models abstractly represent the extension of vasculature towards
discrete sources of a vein-inducing hormone. In contrast, a method proposed by Rodkaew et
al. [209] generates vascular patterns by tracing the path of particles placed throughout the
leaf blade to the leaf base (Fig. 2.18 E, F). The motion of each particle is influenced by the
location of a sink at the base of the leaf and the closest moving particle. The operation of this
method is conceptually similar to the emergence of a vascular strand at a leaf primordium
during phyllotaxis, where the patterning of a vein trace begins at a convergence point and
proceeds away from the convergence point towards an auxin sink in the stem (as in the
models presented in [10] and Chapter 3). A limitation of Rodkaew’s original method is that
particles do not interact with the paths left by other particles, causing veins to overlap.
The models of Runions et al. [218] and Gottlieb [80] assume that growth drives vascular
patterning. Leaf growth also plays an essential role in the biomechanical model of vein
pattern formation proposed by Couder et al. [41]. This model exploits a hypothetical analogy
between vein pattern formation and fracture propagation in a stretched material. In its
physical implementation, cracks are introduced in a thin layer of drying gel (see [243] for
a related model). Laguna et al. [132] proposed a related computational model of vascular
patterning where vascular differentiation was induced by the compression of fast growing
mesophyll cells by a slow growing epidermis, leading to the collapse of mesophyll cells along
the lines of principal stresses in the tissue. The model produces hierarchical network patterns
that are visually and statistically similar to actual vein patterns, but leaves open the question
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of the relation between hormonal (auxin) and biomechanical control of vein patterning.
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Chapter 3
A computational model of leaf and vein initiation in
Brachypodium
The first stage of leaf development, occurring during phyllotactic patterning, is the initiation
of a leaf primordium and simultaneous establishment of a mid-vein. These events set into
motion a cascade of molecular processes that finally give rise to a mature leaf. The modeling of these processes is the focal point of subsequent chapters of this thesis. There are
numerous similarities between the molecular processes that initiate primoridia and elaborate
leaf form [10, 19, 22, 175]. Thus, an understanding of leaf initiation also sheds light on leaf
development. This chapter presents a model of convergence point formation and mid-vein
development in Brachypodium distachyon, based on the biological observations of lemma
development in the spikelet meristem presented in O’Connor et al. [176] 1 . Unlike Arabidopsis and tomato [10], where it appears that only a single PIN protein is involved in this
process, in Brachypodium multiple PIN proteins are expressed during lemma

2

initiation —

PIN1a, PIN1b and SoPIN1 (Sister of PIN1). Experimental data suggest a surprisingly clean
functional division between these three proteins. Accordingly, modeling the experimental
results reported by O’Connor et al. [176] provides a unique opportunity to understand the
fundamental elements of polar-auxin driven patterning.
In spite of this difference, there are numerous consistencies with the experimental observations of other species. The site of primordium initiation is marked by an epidermal
auxin maxima, and PIN in tissues surrounding the auxin maxima are polarized towards it,
producing a convergence point [10, 113, 176, 204, 247]. The auxin at these convergence points
1

This chapter is based in part on the paper by O’Connor et al. [176], where the model of primordium
initiation and vascular development in Brachypodium distachyon described in this chapter was initially
presented.
2
Lemmas are type of bract (i.e. a specialized leaf associated with an inflorescence or flower).
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is subsequently internalized, becoming canalized and leading to the emergence of a highly
polarized strand of PIN [10, 176]. This strand pre-patterns the mid-vein of the organ, and
connects the leaf to pre-existing vasculature in the stem.
The combined patterning of the convergence point and pre-vascular strand has been
the subject of several computational studies, relying on up-the-gradient and on with-theflux polarization [10, 160, 252]. Initial models employed only one of these two-regimes, and
showed that, in principal, it is possible to obtain phyllotactic patterns based on flux-based
polarization [252], and pattern the mid-vein trace based on up-the-gradient polarization [160].
These models did not, however, reproduce experimental observations in detail (as reviewed
in 2.3.3). Subsequently, Bayer et al. [10] proposed the dual-polarization model, based on
observations of AtPIN1 (the Arabidopsis variant of PIN1) in tomato. Their model assumed
that the polarization of PIN in each cell is a weighted combination of both regimes, with the
weighting determined by tissue type and auxin-concentration. Specifically, up-the-gradient
was favored in the epidermis and at low auxin-concentrations, whereas with-the-flux was
favored at high auxin-concentrations and in sub-epidermal tissues. The resulting model
reproduced the observed spatiotemporal patterns of auxin concentration and PIN expression
and localization. For forming veins to reliably connect to established veins Bayer et al. had
to introduce a hypothetical diffusive factor produced in veins, biasing polarization towards
these tissues, into their model. Unlike other aspects of the model, this assumption was not
supported experimentally.
The observations of O’Connor et al. (summarized in Section 3.1) show distinct expression
domains and localization patterns for each of the three PINs, and suggest that PIN1a and
PIN1b polarize with-the-flux and SoPIN1 polarizes up-the-gradient. These observations,
along with previous work in Arabidopsis [231] and tomato [10], provide the basis for the
conceptual model of convergence point formation and vascular patterning described in Section 3.2. This conceptual model is formalized as a computational model of convergence point
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formation and vascular initiation in a growing 2D cellular grid, approximating a longitudinal
section through the meristem of Brachypodium (Section 3.3). The modeling results reproduce the observations of O’Connor et al. in detail (Section 3.4). Analysis of the model and its
operation (Section 3.5) leads to a number of conceptual contributions to the understanding
of polar auxin transport, including:
i) a minimal patterning framework that explains auxin based patterning in the shoot,
ii) a plausible mechanism for reliably guiding emerging veins to existing veins, removing
the need for the hypothetical diffusing substance postulated by Bayer et al. [10],
iii) an interpretation of this guiding mechanism in terms of the original canalization hypothesis [221, 223],
iv) and a surprising connection between the functional division of PINs in Brachypodium
and the calculation of minimal transit time paths on 2D surfaces.
These insights span the various abstractions used to understand vascular development in
plants. Of particular note is point 4, which suggests an appealing geometric interpretation
of vascular patterning, hinted at by previous geometric models [80, 217, 218].

3.1

Summary of key biological observations

In Brachypodium, meristems in the shoot can be separated into two distinct tissues with
different properties — the tunica and the corpus. Observations of cell-division patterns indicate that Brachypodium, like Arabidopsis, has a two-layer tunica consisting of the epidermis
(L1) and first sub-epidermal layer (L2) [176]. The remaining subepidermal tissues of the
meristem belong to the corpus.
The expression of SoPIN1, PIN1a and PIN1b expression shows distinct but overlapping
domains in the Brachypodium spikelet meristem (Fig. 3.1) [176]. In particular, SoPIN1 is
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Figure 3.1: Key experimental results reported in O’Connor et al. [176] related to organ
and mid-vein initiation in the spikelet meristem. (A) The Brachypodium spikelet meristem
(SM) has subtending floral meristems (blue) and lemma primordia (red). Lemma primordia
tips are marked by a SoPIN1 convergence point (stars), and labeled based on their order of
initiation (i.e. in the panel the youngest is P0, and oldest P3). (B-F) Confocal microphotographs of sections through Brachypodium spikelet meristems showing the expression of
PIN1b (B), SoPIN1 (C), PIN1a (D), DR5 (E), and the combined expression of DR5 and
PIN1a (F). The look-up-tables for PIN1 and DR5 fluorescence are provided on the right.
The arrow in (B) marks the expression of PIN1b correlated with the presence of a convergence point. The arrow in (F) marks a decrease in DR5 along a path where PIN1a is
expressed. Panels (B-D) and (F) show PIN1-Citrine, and panels (E), (F) show DR5-RFP
(red). The microphotographs shown in (D-F) were obtained from a single plant expressing
both fluorescent proteins. Images courtesy of Devin O’Connor.
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expressed primarily in the tunica, with strongest expression at the tips of initiating organs,
and little expression in the corpus (Fig. 3.1 C). The expression of PIN1b and PIN1a is
largely restricted to sub-epidermal layers (i.e., L2 and the corpus). In these tissues, PIN1b is
broadly expressed in domains connecting each organ (Fig. 3.1 B), whereas PIN1a is expressed
in highly focused cellular files, extending from each organ tip into the centre of the corpus
(Fig. 3.1 D).
Within their respective expression domains each PIN takes on a distinctive cellular localization. SoPIN1 polarizes towards discrete sites of auxin accumulation (as reported by
DR5), forming convergence points that mark the location of initiating organs (Fig. 3.1 C
and E). In contrast, PIN1a and PIN1b are polarized away from the epidermis (Fig. 3.1 B
and D). In lateral tissues, PIN1b has a cellular localization towards the center of the stem,
and near the centre of the stem has a rootward localization (Fig. 3.1 B). In contrast, PIN1a
expression is more focused than that of PIN1b, and forms a number of strongly polarized
strands (Fig. 3.1 D), which are thought to pre-pattern the mid-vein of each primordium and
the corresponding segment of vasculature in the stem.
Using observations of lateral organs of the spikelet meristem at different ages O’Connor
et al. inferred the spatio-temporal patterns of PIN expression and localization, and auxin
distribution. A SoPIN1 convergence point and coinciding auxin maxima are present at each
initiating organ. The expression pattern of PIN1b in the apical dome is related to the
presence or absence of a convergence point. Prior to the introduction of a convergence point,
PIN1b expression near the meristem tip is primarily in the corpus, with a cellular polarization
that points away from the tunica (Fig. 3D in O’Connor et al. [176]). Following the emergence
of a convergence point, expression extends into the tunica towards the convergence point, and
cells take on a polarity away from the convergence point (Fig. 3.1 B, the path of expression
marked by the arrow). Expression of PIN1a is first observed at the convergence point, and
extends in older primordia in a strand towards the centre of the stem (Fig. 3.1 D). The broad
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expression of PIN1b observed near the apex becomes intensified along the path of PIN1a
expression and in later primordia is restricted to this path. The expression of PIN1a is also
related to the expression of DR5, and thus auxin concentration, with low expression being
observed along the length of PIN1a strands, but high expression appearing at the start and
end of the strand.

3.2

Conceptual model

The observed spatio-temporal patterns of SoPIN1, PIN1a, and PIN1b expression and polarization, as well as the pattern of auxin concentration as reported by DR5, are consistent
with aspects of up the gradient and with the flux models of PIN1 polarization in response
to auxin. In general, the progressive convergence of SoPIN1 is coincident with increasing
DR5 expression, and thus the formation of presumed auxin maxima in the tunica layers.
The resulting SoPIN1 convergence points around DR5 maxima mark the sites of initiating
organs and precede PIN1a and PIN1b expression. The observed polarization of SoPIN1 is
consistent with the up-the-gradient model of PIN1 polarization leading to the formation of
convergence points in the tunica [113,247](Fig. 3.2 Left). In contrast, both PIN1a and PIN1b
are expressed mainly in the corpus. As development proceeds, these proteins gradually polarize away from convergence points, and along presumptive vein traces. The expression
and polarization of PIN1a is consistent with the with-the-flux model of vein canalization
[164, 165, 221, 223](Fig. 3.2 Right). The relatively broad expression characteristic of PIN1b
was considered from a theoretical perspective by Feugier et al. [63] and Stoma et al. [252],
who observed that a weak polarizing response to auxin flux can generate broad regions of
PIN1 polarization towards the sink (Fig. 3.2 Center). Thus I assume that PIN1b in Brachypodium behaves in a similar fashion. To verify whether this conceptual model can plausibly
capture the experimentally observed spatio-temporal pattern of expression and polarities of
the three PINs in Brachypodium during the initiation of convergence points and vascular
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SoPIN1

Up-the-gradient

PIN1b

(non-reinforcing)

PIN1a

(self-reinforcing)

Figure 3.2: Conceptual roles of SoPIN1, PIN1a and PIN1b in convergence point and vascular
strand initiation. Each panel contains a diagram representing half a meristem, separated into
the tunica and corpus. A differentiated vascular strand in the lower-right corner is assumed
to act as an auxin sink. Auxin concentration is shown in red. Directed arrows indicate the
presence and polarity of PIN, where SoPIN1 is shown in yellow, PIN1b in cyan, and PIN1a
in white. (Left) SoPIN1 is primarily expressed in the tunica and polarizes up-the-gradient to
create convergence points. (Center, Right) PIN1b and PIN1a are both primarily expressed
in the corpus and polarize with-the-flux. (Center) PIN1b polarization is non-reinforcing,
creating regions broadly polarized towards auxin sinks. (Right) PIN1b is self-reinforcing,
leading to canalization.
strands, I have constructed a computational model, described below.

3.3

Computational model

A longitudinal section of a Brachypodium apex was modeled as a regular 2D array of hexagonal cells (Fig. 3.3). Associated with each cell is the concentration of auxin and the distributions of SoPIN1, PIN1a and PIN1b proteins (Fig. 3.4, Left). These distributions are
represented by storing concentrations of the three PINs separately for each segment of the
cell membrane (colored edge of each hexagonal cell). PIN production is assumed to be auxin
dependent, permitting expression levels to vary from cell to cell (Eqs. 3.8, 3.7 and 3.10, all
equations are provided in the following section). Each cell stores a concentration of unallocated PINs (colored circles in Fig. 3.4), which are moved to the cell membrane by exocytosis
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(green arrows) and removed from the membrane by endocytosis (red arrows). For PIN1a, exocytosis is increased by total auxin flux through the membrane, and endocytosis is increased
by influx through the membrane (Eq. 3.5). For PIN1b, exocytosis is increased by auxin outflux through the membrane, and endocytosis is increased by influx (Eq. 3.4). For SoPIN1,
allocation to the membrane is increased by high auxin concentration in the neighboring cell
(Eq. 3.9). Cellular auxin concentration (Eq. 3.1) changes based on biosynthesis, turnover,
and the flux due to auxin transport between neighboring cells (Eqs. 3.2, 3.3). Mathematical
details of PIN production and allocation are provided in the following section.
To capture the tissue specific differences in the Brachypodium spikelet meristem observed
by O’Connor er al. [176], the cellular array was divided into the tunica layers, L1 and L2, and
the sub-epidermal corpus (Fig. 3.3, Section 3.3.3). Following previous work [10,204,247], it is
assumed that up-the-gradient patterning is particularly strong in the tunica layers. This was
implemented by increasing auxin-dependent production of SoPIN1 in the L1 and decreasing
auxin-dependent production of both PIN1a and PIN1b in the L1 and L2 layers, consistent
with the observed expression patterns (Fig. 3.1). In addition, auxin biosynthesis in the
model is increased in the L1 [10, 247], which is consistent with observed DR5 expression in
the spikelet meristem, and previous observations indicating that communication between the
L1 and inner tissues is reduced [4, 10, 207].
The model is limited to a segment of meristem immediately below the central zone.
Growth is introduced by adding rows of cells to the top end of this segment at regular
time intervals. The impact of tissues outside the scope of the model is approximated by
boundary conditions (Section 3.3.3). The effect of older primordia at the base is simulated
by withdrawing auxin from the lowest bottom left cell and four bottom right cells in the L1
(Fig. 3.3). This asymmetry reflects the alternating distichous phyllotaxy of Brachypodium.
A single sink cell, placed in the center of the bottom row, provides a target for auxin flow
along the axis of the meristem (Fig. 3.3). The computational model was implemented in
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Central zone

Sink
L1 layer
L2 layer
Corpus

Lower tissues

Figure 3.3: The layout of the cellular tissue used to simulate distichous phyllotaxis and
vascular initiation. Cells in the L1 are colored green, those in the L2 blue, and corpus cells
are colored red. The boundary between simulated and approximated tissues is shown by the
yellow dotted line, with faded cells representing parts of the tissue outside the scope of the
model. Consequently, the simulation domain consists of the regular hexagon grid between
the central zone and lower tissues of the stem. White arrows mark cells which are assumed
to export auxin to unrepresented tissues. In addition, a sink is located at the base of the
tissue (black cell).
C++ using the VVE system (an extension of the Vertex-Vertex (VV) system [245]), which
provides a data-structure and libraries for representing cellular tissues.

3.3.1

Auxin transport

Each cell stores the concentration of auxin and the distribution of PIN1a, PIN1b and SoPIN
(Fig. 3.4, left). For simplicity, intercellular space is not modeled, reflecting the assumption
that auxin accumulation and diffusion along cell walls in the intercellular space are relatively
small and can be neglected (c.f. [22, 192, 219]). Furthermore, cells are assumed to have unit
volume, and cell walls are assumed to have unit length (c.f. [22, 192]). The change of auxin
concentration [IAA]i in cell i is captured by the following equation [22, 192]:
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Cj

Inf lux ij

SoP IN1i

Φij
Inf lux ij

P IN1ai P IN1bi

i -Φij
Inf lux ij

Outf lux ij

Outfluxji

Φij

j

Influxji

Outf lux ij

Figure 3.4: Diagrams explaining basic properties of the proposed model of polar auxin transport. Left: schematic view of a cell and its neighbours that illustrates the factors determining
PIN allocation to segments of the cell membrane. PIN1a is shown in white, PIN1b in blue
and SoPIN1 in yellow. Unallocated PINs in the cell (colored circles) are moved to the cell
membrane by exocytosis (green arrows) and removed from the membrane by endocytosis (red
arrows). Black solid and dashed arrows show the factors determining the allocation of each
PIN protein. Solid arrows correspond to fluxes through cell faces (see right panel), which
contribute to the endocytosis and exocytosis of PIN1a and PIN1b. For PIN1a, exocytosis is
increased by total auxin flux through the membrane, and endocytosis is increased by influx
through the membrane. For PIN1b, exocytosis is increased by auxin outflux through the
membrane, and endocytosis is increased by influx. For SoPIN1, allocation to the membrane
is increased by high auxin concentration in the neighbouring cell (cj ), as indicated by the
dashed arrow. Right: directions of net flux, influx and outflux through the face separating
cell i from cell j.
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d[IAA]i
= Hi − µ[IAA]i − Σj Φij .
dt

(3.1)

Parameter Hi characterizes the rate of auxin biosynthesis in cell i (all parameter values are
provided in Tables 3.1 and 3.2). Auxin turnover in the cell is modeled by the term µ[IAA]i ,
where µ is the rate of turnover. The final term Σj Φij represents auxin transport between
cell i and its neighbouring cells. A net flux Φij is the difference between Outf luxij ≥ 0,
the outflux of auxin from cell i to j, and Inf luxij ≥ 0, the influx of auxin from cell j to i
(Fig. 3.4, right):
Φij = Outf luxij − Inf luxij .

(3.2)

The outflux is captured by the equation
Outf luxij = TP IN 1a [P IN 1aij ][IAA]i + TP IN 1b [P IN 1bij ][IAA]i

(3.3)

+TSoP IN 1 [SoP IN 1ij ][IAA]i + T [IAA]i .
The first three terms represent outflux due to active auxin transport by PIN1a, PIN1b and
SoPIN1, respectively. The last term represents basal outflux, which can be attributed to
residual amounts of any efflux carrier. In the first term, the transport rate TP IN 1a captures
the efficiency of PIN1a-dependent transport, and [P IN 1aij ] is the concentration of PIN1a on
the membrane of cell i facing cell j. The second and third terms have a similar form, but refer
to the transport rates and membrane concentrations of PIN1b and SoPIN1, respectively. In
the last term, T is a coefficient capturing the efficiency of basal transport.
Auxin accumulation and diffusion in the intracellular space is ignored. Consequently,
Inf luxij = Outf luxji : the influx of auxin into cell i from cell j (Inf luxij ) is equal to the
outflux of auxin from cell j towards cell i (Outf luxji ). The form of the equations capturing
auxin influx and outflux is thus the same, except that outflux depends on the cell itself,
whereas influx depends on its neighbors. Taken together, Equations 3.1–3.3 are consistent
with those used in previous simulations of polar auxin transport (Section 2.2.1), but take
into consideration three different PIN1s rather than one.
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3.3.2

PIN polarization

The three PINs are independently produced in each cell and allocated to the cells membranes.
Their localization patterns exhibit significant spatio-temporal differences (Fig 3.1), indicating
a functional division between PIN1a, PIN1b and SoPIN1 in Brachypodium.
PIN1a and PIN1b
PIN1a and PIN1b proteins are allocated to the cell membrane from a pool of unallocated
PINs which for simplicity is assumed to reside in the cell’s endoplasmic reticulum (ER).
Their concentrations in the ER of cell i are denoted [P IN 1ai ] and [P IN 1bi ], respectively.
The experimental data reported by O’Connor et al. (Figs. 3.1) reveal allocation patterns for
PIN1a and PIN1b consistent with auxin canalization. Consequently, it is assumed that the
allocation of PIN1a and PIN1b is controlled by auxin flux [63, 165, 252].
PIN1b is expressed in large regions and polarizes towards auxin sinks (e.g. previously
patterned veins). This polarization is assumed to be the result of outflux based allocation
and influx based deallocation (similar to the weak polarization in [252]):
d[P IN 1bij ]
dt

= σ1b [P IN 1bi ] + α1b Outf luxij [P IN 1bi ]

(3.4)

−β1b Inf luxij [P IN 1bij ] − ν1b [P IN 1bij ].
The concentration of PIN1b on the membrane facing cell j thus changes as a combined result
of exocytosis (terms 1 and 2) and endocytosis (terms 3 and 4). In the model this concentration cannot exceed P IN 1bmax , the maximum concentration of PIN1b on a membrane.
Exocytosis consists of basal allocation (determined by basal allocation rate σ1b ) and allocation proportional to the outflux of auxin through the membrane (controlled by the outflux
allocation rate of α1b ). Analogously, endocytosis combines basal deallocation ν1b with that
proportional to auxin influx, controlled by rate coefficient β1b . The assumption of linear allocation / deallocation of PIN1b results in its broad expression, which provides an effective
mechanism for polarizing a tissue towards auxin sinks [63, 252].
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The broad expression of PIN1b, connecting sources and sinks of auxin, is refined to a
single high flux strand by PIN1a. In contrast to PIN1b, the localization of PIN1a is assumed
to be non-linearly dependent on auxin flux [63, 165]:
d[P IN 1aij ]
dt

(Φ+ )2

= σ1a [P IN 1ai ] + γ1a 1.0+κ ij(Φ+ )2 [P IN 1ai ]
1a

Inf luxij
−β1a 1.0+κ
+ 2 [P IN 1aij ]
IAA1a [IAA]i +κΦ (Φij )

ij

(3.5)

− ν1a [P IN 1aij ].

As with PIN1b, this equation captures changes of the concentration of PIN1a on the membrane facing cell j as a result of exocytosis (terms 1 and 2) and endocytosis (terms 3 and 4).
Again, this value is clamped to a maximum concentration, in this case denoted P IN 1amax .
Exocytosis consists of a basal allocation (term 1) with rate σ1a , a flux-based allocation (term
2) with rate γ1a . Flux based allocation is a quadratic Hill function of positive net flux
through the membrane Φ+
ij , which saturates at a rate of κ1a . The quadratic dependence
on flux permits a single high flux strand to emerge via an autocatalytic feedback of flux
on itself [10, 63, 165, 212], as posited by the canalization hypothesis [221, 223]. Endocytosis
consists of a basal deallocation (term 4) with rate ν1a , and an influx-based deallocation (term
3) with the maximum rate β1a . The deallocation rate decreases when auxin concentration
or flux increase, as characterized by coefficients κIAA1a and κΦ , respectively. This is consistent with observations that endocytosis decreases as DR5 expression increases [178]. The
linear deallocation as a function of influx restricts PIN1a localization to membranes with
high auxin flux, in which quadratic term 2 dominates. This permits a functional division
between PIN1b, which controls auxin transport when flux is low, and PIN1a, which controls
transport when flux is high.
Note that Equations 3.4 and 3.5 are specialized versions of a more general equation
d[P IN 1ij ]
dt

= σ[P IN 1i ]

(Φ+ )2

ij
+γ 1.0+κ(Φ
+ 2 [P IN 1i ] + αOutf luxij [P IN 1i ]
)
ij

Inf luxij
+ 2
IAA [IAA]i +κΦ (Φij )

−β 1.0+κ

[P IN 1ij ] − ν[P IN 1ij ],
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(3.6)

with parameters γ, κIAA , and κΦ set to 0 in the case of Equation 3.4, and parameter β set
to 0 in the case of Equation 3.5. The difference between polarization models of PIN1b and
PIN1a can thus be viewed as quantitative rather than qualitative in nature. In particular,
this difference is the result of reduced linear outflux sensing by PIN1a, compared to reduced
netflux sensing by PIN1b.
Allocation of PIN1a and PIN1b to the cell membrane depends on the concentration of
each in the ER of the cell. The equation for changes in the concentration of PIN1b in the
ER of cell i is:
d[P IN 1bi ]
dt

=

ρ1b +ρIAA1b [IAA]i
1+κP IN 1b [P IN 1bi ]

− µ1b [P IN 1bi ] −

P

j

d[P IN 1bij ]
.
dt

(3.7)

This PIN1b concentration [P IN 1bi ] thus changes as a combined result of production (term
1), turnover (term 2) and the exocytosis and endocytosis of PIN1b (term 3). Basal production is controlled by parameter ρ1b . PIN1b production is upregulated by auxin at rate
ρIAA1b [10,247]. This production saturates at a rate controlled by κP IN 1b . Turnover (term 2)
P d[P IN 1bij ]
occurs at rate µP IN 1b . The final term, − j
, describes changes in cellular PIN1b
dt
concentration due to allocation and removal of PIN1b from the cell’s membranes. This
is accounted for by summing changes

d[P IN 1bij ]
dt

in PIN1b concentration at the membranes

facing the neighbouring cells j (Eq. 3.4). The equation describing cellular changes in the
concentration of PIN1a ([P IN 1ai ]) has the same form as Equation 3.7:
d[P IN 1ai ]
dt

=

ρ1a +ρIAA1a [IAA]i
1+κP IN 1a [P IN 1ai ]

− µ1a [P IN 1ai ]
(3.8)

−

P

j

d[P IN 1aij ]
.
dt

SoPIN1
In contrast to PIN1a and PIN1b, which are involved in vein formation, the polarization
pattern of SoPIN1 (Fig. 3.1) is consistent with the formation of convergence points. Such a
pattern can be attributed to up-the-gradient PIN polarization (towards auxin maxima) [22,
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113, 247]. The assumption that SoPIN1 is polarised in a different manner than PIN1a
and PIN1b is consistent with the dual-polarization model [10], except that here different
polarization regimes are attributed to distinct PIN proteins, rather than different modes of
operation of a single protein PIN1. Following [113, 247], SoPIN1 polarization is assumed
to be in a quasi-steady state. The equation proposed by Smith et al. [247] is thus used to
compute the concentration [SoP IN 1ij ] associated with membrane of cell i facing cell j:
B [IAA]j
[SoP IN 1ij ] = [tSoP IN 1i ] P [IAA] .
k
kB

(3.9)

This distributes the total amount of SoPIN1 in cell i between the segments of the cell membranes according to an exponential weighting of auxin concentrations in the neighbouring
cells. The weighting uses a base of B > 1 and is normalized by the sum of the weights assigned to each cell wall segment. As with PIN1a and PIN1b, the amount of SoPIN1 allocated
to a single membrane segment is capped at a maximum value (SoP IN 1max ). The remaining
component of equation 3.8 — cellular concentration of SoPIN1 — changes according to the
equation
d[tSoP IN 1i ]
ρSo1 + ρIAASo1 [IAA]i
=
− µSo1 [tSoP IN 1i ].
dt
1 + κSoP IN 1 [tSoP IN 1i ]

(3.10)

The above equation is similar to those used for [P IN 1bi ] and [P IN 1ai ] (Eqs. 3.7 and 3.8),
but omits the term capturing changes due to allocation and deallocation of PIN. The reason
is that [tSoP IN 1i ] represents the total concentration of SoPIN1 in the cell as opposed to
the concentrations within the ER used for PIN1a and PIN1b.

3.3.3

Tissue-level patterning

A longitudinal section of the shoot apical meristem is approximated as a regular array of
hexagonal cells divided into epidermal layers L1 and L2, and subepidermal cells (Fig. 3.3).
The initial state of the simulation is obtained by setting auxin biosynthesis to 0 and linearly
increasing it to Hi over time interval t0 (parameter values specific to tissue-level patterning
are provided in Table 3.2). Growth is emulated by adding rows of cells at the top of the
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tissue at regular intervals tgrowth , counting from time t0 . In the growing cellular template
a number of assumptions are employed to account for additional factors influencing polar
auxin transport that are specific to the shoot and shoot apical meristem. These assumptions
concern: properties of specific tissue layers, the impact of tissues that are not explicitly
simulated (boundary conditions), and stabilization of convergence points.
Tissue layers
Observations of tomato and Arabidopsis indicate that auxin response and transport are
quantitatively different in the tunica and the central zone of the apex compared to the
corpus [10, 69, 122, 204]. The data reported for Brachypodium meristems by O’Connor et
al. [176] appear consistent with these observations. These differences are accounted for by
the following assumptions:
1. Auxin transport between the L1 and L2 layers is reduced compared to the remainder
of the tissue. This reduction is justified by the strong gradient of auxin concentration
between L1 and L2 (Fig. 3.1E and F), and represents an assumption also made in
previous models [10, 204, 247]. In the present model, it is effected by reducing the
efficiency of PIN transport (Eq. 3.3) through membranes at the interface between the
L1 and L2 layers (Table 3.2). As in previously published models [10,247], this reduction
increases auxin accumulation in the L1, providing the auxin necessary for the formation
of convergence points. Additionally, it helps insulate the L1 from sub-epidermal layers,
which increases the stability of convergence point formation.
2. PIN polarization in the L1 and L2 layers favors up-the-gradient auxin transport (Fig. 3.1;
see also [10, 122]). Accordingly, in Eqs. 3.8-3.10, the expression of SoPIN1 is increased
in the L1 and L2 layers, and expression of PIN1a and PIN1b is decreased (Table 3.2).
3. Auxin biosynthesis (Eq. 3.1) is increased in the L1 layer. This is supported by high
DR5 expression in L1 and represents an assumption also made in previous models [10,
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204, 247]. This is controlled by setting Hi to Hepi in the L1 and Hsub < Hepi in all
other cells.
Boundary conditions
The proposed model only captures a distal portion of a shoot, excluding the central zone
(Fig. 3.3). The following assumptions are made to simulate the effect of the shoot segment
below the bottom row of cells in the model:
1. A cell representing a strong auxin sink is present at the base of the tissue. This cell
removes all auxin entering it, and provides a target for the first initiating vein.
2. A pair of convergence points is present in the L1 layer of the lower tissues (with the
CP on the right above that on the left). Proximal cells in the epidermis are assumed to
supply auxin to these CPs at a rate of µCP (this affects the lowest cell on the left and
4 lowest cells on the right). The assumed left-right asymmetry leads to the alternate,
in contrast to opposite, introduction of convergence points into the left and right sides
of the tissue.
Finally, the rectangular layout of the tissue does not faithfully capture the geometry
of the central zone. The effect of the quiescent zone on the modelled part of the SAM is
subsumed by removing auxin from the top row of cells at a rate of µepi in the epidermis and
µsub in subepidermal cells (Table 3.2). Once a cell no longer occupies a position in the top
row of cells (i.e. a new row is added), these rates decrease to zero over the time intervals tepi
(epidermis) and tsub (subepidermal).
Stabilization of convergence points
Convergence points may shift their position in the L1 layer when new rows of cells are added
unless additional assumptions are introduced (c.f. [10,22,247]). In reality, the stabilization of
auxin maxima is likely due to additional molecular compounds which are known to influence
polar auxin transport, such as AUX/LAX proteins [4, 96] and CUC2 (Chapter 4). As these
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additional factors fall outside the scope of the current model, their effects are approximated
by introducing the following assumptions concerning convergence points.
1. Epidermal cells whose auxin concentration exceeds the threshold T hCP are marked as
part of a convergence point, and the localization of SoPIN1 in these cells becomes fixed.
This is consistent with the assumed fixed PIN1 polarization at convergence points
resulting from the downregulation of CUC2 in Arabidopsis [22]. If auxin concentration
decreases below 41 T hCP , the cell is no longer marked as part of the CP.
2. SoPIN1 polarization is biased towards cells recruited to a convergence point. As
in [247], this bias is implemented by multiplying auxin concentrations [IAA] in Eq. 3.9
by a factor [IAA]CP if the corresponding cell belongs to a CP.
3. Auxin biosynthesis increases in convergence points [247]. Once cell i becomes part of
a convergence point, the rate Hi in Eq. 1 gradually increases from Hepi to HCP over
the next tCP units of time in the simulation.
Parameter values
The values of all parameters used in the simulations are given in Tables 3.1 and 3.2. They
are reported to assure reproducibility of our results, rather than provide the physical values.
Although estimates for the values of some parameters used in our simulations exist for other
species (e.g. [10, 84, 113, 129]) and could be used as approximate values for Brachypodium
distachyon, other values, in particular those pertinent to the dynamics of auxin-driven PIN
polarization, are not yet known. Consequently, following the approach of [22, 192], I have
chosen to use unitless parameters in the simulations presented in this chapter (their dimensions are indicated in the last column). This is consistent with the emphasis on the qualitative
nature of the interactions between SoPIN1, PIN1a and PIN1b in model construction.
The model produces distichous phyllotactic patterns of convergence points and the related high-flux pre-vascular strands robustly for a wide range of parameters. With some
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coordination between parameters, most can be changed significantly - typically by at least
one order of magnitude - while qualitatively preserving simulation results. The range of
parameters is more restricted when a specific phyllotactic pattern is desired, as the placement of the first pair of convergence points is particularly sensitive to model parameters
(which must be defined with an accuracy of ±5%). This sensitivity is related to the assumed
boundary conditions at the base of the tissue, which do not fully reproduce the presence of
the pair of basal convergence points below the simulated tissue.

3.4

Results

Primordia and the associated vascular strands are produced periodically in the spikelet
meristem. Figure 3.5 shows the simulated dynamics of auxin and PIN distribution during
a single period (plastochron). Column 1 shows the state of the simulation at the beginning
of this period. A single maximum of auxin concentration, resulting from the convergent
polarization of SoPIN1, is present in the L1 layer on the left side of the tissue section
shown (Fig. 3.5, Panel 1A). SoPIN1 expression is evident in the L1 and L2 layers, where
the production of SoPIN1 is greater than in the sub-epidermal layers (Fig. 3.1 C). The
convergence point is connected to the sink at the base of the tissue with a single strand
of high PIN1b (Panel 1B) and PIN1a (Panel 1C) expression. The high auxin flux in this
strand makes it act as an auxin sink for cells closer to the apex. Consequently, PIN1b
proteins and auxin transport are polarized towards the strand (Panel 1B, blue arrows). This
polarization is strongest near the vein and gradually decreases closer to the apex. Except
for the convergence point, PIN1b and PIN1a are predominantly expressed in sub-epidermal
layers, where their production was observed to be higher than in L1 and L2 (Fig. 3.1B, D).
As the simulation progresses (Fig. 3.5, Column 2), additional rows of cells are added
at the top of the tissue (not shown) and increase auxin supply. Transient variation in the
auxin concentration triggers an emergent reinforcement of concentration differences in the
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Figure 3.5: Simulated dynamics of SoPIN1, PIN1b, and PIN1a during the initiation of a
single convergence point and vein segment. Columns (1-5) correspond to progress of time
(5960, 6100, 6430, 6610, 6850 simulation time units). Row (A) SoPIN1, (B) PIN1b, (C)
PIN1a, and (D) combined. The concentration of each PIN in the cell membrane is indicated
by the width of the colored wedges along each cell (increasing with concentration). The
concentrations of each PIN on the membrane, and auxin in each cell, are also indicated
by colors, as shown by the scale bars on the right. In rows (B) and (D), the direction
and magnitude of PIN1b polarization is further highlighted by a blue arrow in each cell.
Cells in the region outlined in white in Panel 2B exhibit increased polarization following the
formation of a new convergence point (compare to Panel 1B). The region outlined in white in
Panel 3B is the triangular fan of cells with increased polarization at the rootward end of the
developing vein. The white arrow in Panel 3C points to a gap in auxin concentration along
an emerging vein. The white arrow in Panel 4C points to two cells exhibiting a transient
increase in auxin concentration.
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L1/L2 layers by SoPIN1, leading to the formation of a second SoPIN1 convergence point
and auxin maximum opposite to and above the first one (Panel 2A). The auxin that forms
the maximum at the new convergence point is supplied by neighboring cells, in which auxin
concentration thus decreases, and by increased local auxin production in the new convergence
point (Section 3.3.3). Auxin from the new maximum enters the sub-epidermal layers and is
transported towards the vascular strand below by PIN1b. This transport is coupled with an
increase in PIN1b expression in L1/L2 layers, a substantial increase in PIN1b polarization
near the convergence point (Panel 2B, region outlined in white) and a broad strengthening
of polarization in the region between the new convergence point and the previous vascular
strand (Panel 2B). This pattern of PIN1b expression and localization is consistent with
the observed progression during the formation of the midvein in the Brachypodium spikelet
(Fig. 3.1)
The next phase of the simulation (Column 3) is marked by the onset of PIN1a expression
at the convergence point and its gradual extension towards the vascular strand below (Panel
3C). This extension is guided by the broad expression of PIN1b (Panel 3B). This PIN1a
expression generates a high-flux strand canalizing auxin transport, and refines the broad
field of PIN1b expression into a narrow strand coinciding with that of PIN1a (Panel 3B).
Leaving the incipient vein tip, auxin is carried by PIN1b towards the previous vein, forming
an approximately triangular region of increased auxin concentration and PIN1b polarization
(Panel 3B, region outlined in white). This region is continually refined, both guiding the
progressive extension of the incipient PIN1a vein towards the previous strand and being
guided by it. Concurrently, PIN1b proteins in the nearby cells become polarized towards this
vein (Panel 3B). Combined, these dynamics are consistent with PIN1a and PIN1b expression
and localization observed in the formation of the Brachypodium P1 primordia (Fig. 3.1 B,
D, F).
The transport of auxin by SoPIN1 towards the convergence point in the L1 and L2 layers,
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combined with efficient transport by PIN1a and PIN1b along the emerging vein, creates a gap
in auxin concentration near the convergence point (arrow in Panel 3C). This gap is consistent
with experimental data (arrow in Fig. 3.1 F). As the simulation proceeds, the strand of
PIN1a expression extends until it joins the previously patterned vein (Column 4). At this
point, PIN1b expression and polarization largely coincide with that of PIN1a (compare
Panel 4B and Panel 4C). The last two cells of the strand (Panel 4C, white arrow) exhibit a
transient increase in auxin concentration as they progress from a low-flux to high-flux state
(compare Panel 4C to Panel 5C). The focused flux of auxin canalized by PIN1a completes
the patterning of the incipient vein (Column 5). The increased auxin flux generated by
strong PIN1a expression causes PIN1b in nearby cells to polarize towards the newly formed
strand, thus indicating its transformation into an auxin sink (Panel 5B).
With the addition of a new primordium and the corresponding vascular strand, the pattern of SoPIN1, PIN1a and PIN1b expression and localization, as well as auxin concentration,
in the cells near the apex mirrors those that existed after the initiation of the previous primordium (compare Panel 1D and Panel 5D). A new convergence point and midvein trace
have been added to the stem. Iteration of this process leads to the formation of convergence points and vascular strands arranged in an alternate branching pattern (Fig. 3.6), as
observed experimentally (Fig. 3.1).
To examine the dependence of simulation results on the choice of cellular template I
constructed a second model operating on a 2D array of square cells (Fig. 3.7). With small
changes to model parameters (see Tables 3.1, 3.2), results qualitatively similar to those
described above for a 2D array of hexagonal cells were obtained. This indicates that the
proposed model does not rely on the choice of a hexagonal cellular template, and can generate
equivalent patterns when other cellular topologies are employed.
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Figure 3.6: The state of the simulation after the successive emergence of five convergence
points in a hexagon grid. The concentration of auxin in each cell, PIN on each cell membrane
and PIN1b polarities are represented as in Figure 3.5. (A-C) The expression of each PIN
protein: (A) SoPIN1, (B) PIN1b, and (C) PIN1a. (D) The combined expression of the three
PINs.
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Figure 3.7: The state of the simulation after the successive emergence of five convergence
points on a square cellular grid. The concentration of auxin in each cell, PIN on each
cell membrane, and PIN1b polarities are represented as in Figure 3.5. (A) The combined
expression of all three PINs, (B) SoPIN1, (C) PIN1b, and (D) PIN1a.
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3.5

Conclusion

The computer simulations discussed above show that the experimentally observed spatiotemporal pattern of expression and polarization of SoPIN1, PIN1a and PIN1b reported by
O’Connor et al. [176] can result from distinct polarization regimes of the three proteins.
In these simulations SoPIN1 is polarized up the gradient of auxin concentration, PIN1b
polarization is a linear function of the flux, and PIN1a polarization is a non-linear (power)
function of the flux. The coordinated action of these polarization mechanisms produces the
observed patterns of PIN polarization and auxin concentration and flow. SoPIN1 drives the
formation of convergence points in the epidermis. This leads to the accumulation of auxin
and its outflow to the subepidermal layers. The feedback between auxin flow and PIN1b
proteins polarizes these tissues broadly towards sinks, the previously formed vascular strands.
High concentration of auxin in the CP also initiates the expression and localization of PIN1a,
which increases auxin transport to sub-epidermal layers. There, canalization occurs within
the region broadly specified by PIN1b, resulting in the formation of a provascular strand of
highly PIN1a-polarized cells connecting the CP to a sink.
The concurrent operation of up-the-gradient and with-the-flux polarization modes is consistent with the previously proposed dual polarization model of primordia initiation and vein
formation [10]. Thus, the results presented here add to the broad array of developmental
phenomena in which these two modes suffice to explain the observed localizations of PIN
and concentrations of auxin reported by DR5. Furthermore, the interplay between PIN1a
and PIN1b during vein patterning in the model suggest that the guiding of new auxin traces
to existing sinks (sink finding) can be distinguished from the patterning of the final vascular
trace (canalization). In the model, PIN1b provides a guiding mechanism allowing new veins
to find and target older traces. In the context of the river network metaphor underlying the
canalization hypothesis [221, 223], the broad polarization of PIN1b is analogous to a broad
slope that orients the overall direction of water flow towards the river mouth (Fig. 3.8). This
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flow orients the overall direction of canals that emerge (Fig. 3.8 B, C). Likewise, the broad
PIN1b polarization directs emerging strands towards auxin sinks. The necessity of supplementing the canalization hypothesis with a guiding mechanism that directs veins towards
their target locations (sinks) was observed by Bayer et al. [10]. However, the postulated
distinction between PIN1a and PIN1b provides a mechanism for guiding developing veins
towards their target locations that is different from the hypothetical guidance by a diffusing
substance postulated by Bayer at al.
In conclusion, the patterning mechanisms that result in organ initiation and vein patterning integrate three distinct processes: determination of organ placement and vein origins,
guidance of newly forming veins towards appropriate target locations, and the refinement
of emerging veins into narrow canals. While in previous work [10] these processes have
been attributed to a single PIN protein in the shoot, PIN1, simulation results presented in
this chapter, experimental observations and phylogenetic analysis by O’Connor et al. [176]
suggest that outside of the Brassicaceae they may be associated with different PIN proteins. One can envision different partitioning of functions between SoPIN1, PIN1 and their
variants, with unique solutions in diverse species. At present, further comparative developmental work is required to properly elucidate the general mechanisms and logic of auxin
based patterning, and the model seems to provide several insights that are useful in this
context. First, the model points to the minimal set of functions that are needed to pattern
organ initiation and vasculature in the shoot: convergence point formation, sink finding, and
canalization. Second, the behavior of SoPIN1, PIN1a and PIN1b in the model shows that
splitting up-the-gradient and with-the-flux modes between separate proteins can provide a
robust patterning mechanism consistent with the available localization data. This behavior
is complimentary to the auxin based switch between modes proposed by Bayer et al. [10].
Together, these models point towards a common logic, of controlled segregation and blending
of these two modes.
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A

B

C
Figure 3.8: A simulation of canalization in a sloped terrain. (A) The principle of the
simulation. The terrain is sloped (green arrows) towards a sink (yellow disk). During each
iteration of the simulation water droplets are placed randomly on the terrain and move
downhill. Each droplet erodes the terrain as it moves, locally changing the slope. Droplets
reaching the sink are removed from the simulation. (B) Successive images from a canalization
simulation. Initially droplets move directly towards the sink, but the paths they leave attract
droplets placed later. This creates a feedback that leads to the emergence of discrete canals
arranged into a branching pattern. (C) The effect of varying the slope of the terrain on the
resulting river network. Increasing the slope orients veins more directly towards the sink.
Decreasing the slope leads to a more branched river network. When the terrain is flat, there
is no global information to direct droplets towards the sink and they form small isolated
pools.
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Interestingly, the action of the three PINs appear to mimic the operation of a recently
proposed algorithm for finding the quickest path between two points on a surface (see Appendix B for a detailed discussion). This connection provides a geometric insight into vein
patterning that is exploited in the geometric model of leaf development presented in Chapter 6. It leaves open, however, the nature of the molecular processes regulating leaf margin
development, which appear to play a significant role in determining leaf form (as highlighted
in Section 2.3.3). These processes are explored in detail in the following two chapters, which
examine the patterning of marginal protrusions in simple and compound leaf forms.
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Equation name
Change in
cellular auxin
concentration
Outflux/Influx
through a cell
membrane
Change in the
concentration of
PIN1b on a cell
membrane

Change in the
concentration of
PIN1a on a cell
membrane

Change in the
concentration of
PIN1b in the
ER
Change in the
concentration of
PIN1a in the
ER
Concentration of
SoPIN1 on a cell
membrane
Change in the
cellular
concentration of
SoPIN1

Brachypodium distachyon: Model of auxin transport
Parameter name
Eq.
Symbol
Hex grid
Rate of auxin biosynthesis
3.1
Hi
0.005
Rate of auxin turnover
3.1
µ
0
Transport rate of PIN1a
Transport rate of PIN1b
Transport rate of SoPIN1
Basal transport
Maximum concentration
Basal allocation rate
Outflux-based allocation rate
Influx-based
deallocation
rate
Basal deallocation rate
Maximum concentration
Basal allocation rate
Net-flux-based
allocation
rate
Influx-based
deallocation
rate
Basal deallocation rate
Saturation rate of net-flux
based allocation
Saturation rate of outfluxbased deallocation with respect to auxin
Saturation rate of outfluxbased deallocation with respect to net-flux
Basal production
Rate of auxin-based upregulation
Production saturation rate
Turnover rate
Basal production
Rate of auxin based upregulation
Production saturation rate
Turnover rate
Maximum concentration
Exponential base of allocation weight function
Basal production
Rate of auxin based upregulation
Production saturation rate
Turnover rate

Square grid
0.004

Dimension
M T −1
T −1
M −1 T −1
M −1 T −1
M −1 T −1
T −1
M
T −1
M −1 T −1
M −1 T −1

3.3
3.3
3.3
3.3
3.4
3.4
3.4
3.4

TP IN 1a
TP IN 1b
TSoP IN 1
T
P IN 1bmax
σ1b
α1b
β1b

0.085
0.08
0.2
0.4
30
0
10.5
60

3.4
3.5
3.5
3.5

ν1b
P IN 1amax
σ1a
γ1a

0.125
500
0
0.072

T −1
M
T −1
M −1 T −1

3.5

β1a

0.0075

M −1 T −1

3.5
3.5

ν1a
κ1a

0.02
0.001

T −1
M −1

3.5

κIAA1a

1

M −1

3.5

κΦ

0.1

M −1

3.7
3.7

ρ1b
ρIAA1b

2.5
160

M T −1
T −1

3.7
3.7
3.8
3.8

κP IN 1b
µ1b
ρ1a
ρIAA1a

0.0125
0.225
0.208
300

M −1
T −1
M T −1
T −1

3.8
3.8
3.9
3.9

κP IN 1a
µ1a
SoP IN 1max
B

0.00025
0.15625
60
4.263

M −1
T −1
M

3.10
3.10

ρSo1
ρIAASo1

0.025
1.5

M T −1
T −1

3.10
3.10

κSoP IN 1
µSo1

0.075
0.1

M −1
T −1

52.5

Table 3.1: Default simulation parameters. Parameters for the simulation using a square grid
(Fig. 3.7) are the same as those used in the simulation on a hexagonal grid (Fig. 3.5, 3.6)
except where shown otherwise. Dimensions are specified using M for mass and T for time
(spatial dimensions are assumed to be unit and are thus omitted).
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Brachypodium distachyon: Simulation of phyllotaxis and vascular initiation
Category
Parameter name
Text ref.
Symbol Hex grid Square grid
Simulation start time
Sect. 3.3.3
t0
960
Growth interval
Sect. 3.3.3
tgrowth
240
Rate of distal auxin outflux Sect. 3.3.3
µepi
1.5
General
(epidermal)
parameters
Reduction interval for distal Sect. 3.3.3
tepi
320
outflux (epidermal)
Rate of distal auxin outflux Sect. 3.3.3
µsub
0.1
(subepidermal)
Reduction interval for distal Sect. 3.3.3
tsub
100
outflux (subepidermal)
Rate of auxin outflux to sup- Sect. 3.3.3
µCP
0.75
port rootward CPs
Transport
Transport rate of SoPIN1
Eq. 3.3
TSoP IN 1
0.02
parameters for
Transport rate of PIN1a
Eq. 3.3
TP IN 1a
0.0425
the L1/L2
Transport rate of PIN1b
Eq. 3.3
TP IN 1b
0.008
interface
Transport rate of residual
Eq. 3.3
T
0.12
0.09
PIN
Rate of epidermal auxin
Eq. 3.1
Hepi
0.01
0.008
biosynthesis
L1-specific
Rate of auxin based upreguEq. 3.10
ρIAASo1
6
parameters
lation of SoPIN1 production
Basal PIN1a production
Eq. 3.8
ρ1a
0.000208
Rate of auxin based upreguEq. 3.8
ρIAA1a
10
lation of PIN1a production
Basal PIN1b production
Eq. 3.7
ρ1b
0.0333
Rate of auxin based upreguEq. 3.7
ρIAA1b
1.6
lation of PIN1b production
Rate of auxin based upreguEq. 3.10
ρIAASo1
6
L2-specific
lation of SoPIN1 production
parameters
Basal PIN1b production
Eq. 3.7
ρ1b
1.25
Rate of auxin based upreguEq. 3.7
ρIAA1b
80
lation of PIN1b production
Sub-epidermal
Rate of sub-epidermal auxin
Eq. 3.1
Hsub
0.005
0.004
specific parame- biosynthesis
ters
Auxin threshold for CPs
Sect. 4.3
T hCP
0.18
Convergence
Perceived auxin concentra- Sect. 3.3.3
cCP
2
point
tion
parameters
Rate of CP auxin biosynthe- Sect. 3.3.3
HCP
0.25
0.248
sis
Interval of biosynthesis in- Sect. 3.3.3
tCP
1000
crease at CPs

Dimension
T
T
T −1
T
T −1
T
T −1
M −1 T −1
M −1 T −1
M −1 T −1
T −1
M/T
T −1
M T −1
T −1
M T −1
T −1
T −1
M T −1
T −1
M T −1

M
M T −1

Table 3.2: Tissue-specific simulation parameters. Omitted parameters take the default value
provided in Table 3.1. Parameters for the simulation using a square grid (Fig. 3.7) are the
same as those used in the simulation on a hexagonal grid (Fig. 3.5, 3.6) except where shown
otherwise. Dimensions are specified using M for mass and T for time (spatial dimensions
are assumed to be unit and are thus omitted).
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Chapter 4
A computational model of margin development in
Arabidopsis
The development of aerial organs in plants is characterized by the repetitive initiation of
new organs, such as apices, flowers and leaves. In the case of leaves, following initiation
their form may be elaborated upon by the repetitive initiation of 2D protrusions giving rise
to serrations, lobes and leaflets (Section 2.3.3). A common link between the patterning of
organs and the patterning of marginal protrusions in the leaf is the involvement of polar
auxin transport, which organizes the auxin convergence points that pattern leaf and flower
primodia [113, 204, 247], as well as serrations [22, 91], lobes and leaflets [7, 12, 126, 257].
In the leaf, the feedback between polar auxin transport, expression of pertinent genes and
growth is complex and self-organizing. This has made an integrative understanding of the
development of leaf form elusive. In such instances, modeling provides an ideal methodology
for advancing ideas, by permitting causal relations arising from experimental observations
to be explicitly assumed and their consequences analyzed [200, 219].
This chapter focuses on modeling the development of leaf form in Arabidopsis, which has
simple, serrated leaves. Previous experimental work has indicated that protrusions (serration
tips) are patterned by auxin and PIN1 convergence points [91], whereas indentations (sinuses)
are patterned by CUC2 [175]. These observations are consistent with the results obtained
in other plants with more complex leaf forms, such as Cardamine and tomato [7, 18, 126],
indicating that the basic module present in Arabidopsis may typify to some degree the operation of a similar module in other species. In this chapter, I propose a computational model
based on the biological results reported by Bilsborough et al. [22] 1 . Their biological results
1
This chapter is based in part on the paper by Bilsborough et al. [22], in which the model of Arabidopsis
thaliana leaf margin development was first presented.
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(summarized in Section 4.1) clarify the role of CUC2 in serration development and imply
that it is involved not just in growth regulation, but also in the patterning of convergence
points. These results, combined with previous experimental work, provides the basis for the
conceptual model of leaf form development presented in Section 4.2.
According to Hagemann’s theory of blastozone fractionation [87,88] the leaf margin plays
a key role in regulating leaf form development. Consistent with this theory, the molecular processes underlying serration development in Arabidopsis are largely restricted to the margin.
Consequently, the model I propose represents only the leaf boundary and its propagation during development. This computational model formalizes the conceptual model of Arabidopsis
leaf form development and accounts for auxin, PIN1 and CUC2 and their interactions in a
growing leaf blade (Section 4.3). The resulting simulations reproduce wild-type development
as well as the phenotypes of salient genetic and pharmological manipulations (Section 4.4).
Analysis of the model’s operation leads to the following conceptual contributions:
i) a mechanistic understanding of the initiation of marginal protrusions,
ii) identification of the mophogenetic significance of CUC2 as a compound that stabilizes
the position of convergence points,
iii) a plausible explanation for the asymmetric form of serrations in Arabidopsis, and
iv) a conceptual model of the molecular processes operating on the leaf margin as a spatial
patterning mechanism driven by growth.
This final point is most significant, as in later chapters it leads to a general perspective
for understanding leaf development.

4.1

Summary of key biological observations

Leaves in Arabidopsis thaliana are simple, with serrated margins (Fig. 4.1 A). In these leaves
the development of serrations depends on polar auxin transport by PIN1 [22, 91], as pin1 97
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Figure 4.1: Key biological results related to Arabidopsis thaliana leaf margin development
from Bilsborough et al. [22] (A-C, F-H) and Hay et al. [91] (D, E). (A-C) Mature leaf forms
of wild-type (A), pin1-7 (B) and cuc2 (C). (D-E) Confocal micrographs of PIN1::PIN1:GFP
expression (green) near the leaf margin in wild-type for control (D) and following NPA application (E). In (D), yellow arrows indicate the polarization of adjacent cells and the asterisk
marks a convergence point. (F) Interspersed expression of CUC2::CUC2::VENUS (yellow,
open arrow head) and DR5::GFP (green, filled arrow head) in a rosette leaf margin. (G-H)
The expression of DR5::GFP (G) and PIN1::PIN1:GFP (H) in cuc2-3. Images courtesy of
Miltos Tsiantis.
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mutants exhibit smooth margins (Fig. 4.1 B). Serrations are initiated on the margin at PIN1
convergence points coinciding with discrete auxin maxima [91] (Fig. 4.1 D). The formation of
marginal convergence points and auxin maxima again depends on PIN1 mediated polar auxin
transport, as neither appears in pin1 -mutants or leaves treated with the auxin transport
inhibitor 1-N-Naphthylphthalamic acid (NPA) [22, 91, 231] (Fig. 4.1 E). Notably, restoring
PIN1 expression exclusively in the epidermis is sufficient to restore serration development
in pin1 -mutants [22]. Together, these results support the morphological significance of the
leaf-margin in regulating leaf form development.
Serration development in Arabidopsis thaliana also depends on the expression of CUC2,
as serrations are not observed in cuc2 -mutants (Fig. 4.1 C). The expression of CUC2 is
restricted to the indentations between serrations [175], (Fig. 4.1 F) and modulating CUC2
repression (via the CUC2 repressor microRNA mir164a) shows that serration depth increases
when the repression of CUC2 decreases. The experimental observations of Bilsborough et
al. [22] provide insights into the spatiotemporal pattern of CUC2 expression, and reveal a
more intricate relationship between polar auxin transport and CUC2 expression. Following leaf initiation, a single convergence point is observed at the leaf tip, flanked by CUC2
expression along the more proximal regions of the margin. As the leaf develops, additional
convergence points are initiated, and CUC2 is downregulated at sites of high DR5 expression
(Fig. 4.1 D). This suggests that CUC2 is downregulated by auxin, which was subsequently
confirmed by observing the elimination of CUC2 expression in the leaf blade following auxin
application [22]. Thus as the leaf develops an interspersed pattern of auxin-maxima and
CUC2 expression emerges. This pattern is progressively established during development by
the addition of auxin maxima at the base of the leaf, where growth is focused in Arabidopsis [52, 131].
Previous experimental work had established the contribution of CUC2 to the growth
differential observed between serration tips and sinuses [175], but had not identified a role
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for CUC2 in the patterning of convergence points. It appears, however, that auxin and
PIN1 convergence points do not form in cuc2 -mutants (Fig. 4.1 G, H) [22], indicating a
role for CUC2 in the organization of auxin foci by polar-auxin-transport. Notably, serration
development is also disrupted when CUC2 is expressed uniformly in the epidermis, and a
smooth margin is observed. Together these results suggest that an interspersed pattern of
convergence points and CUC2 expression is required for serration development.

4.2

Conceptual model

The observations summarized above show that the pattern of interspersed CUC2 and auxin
activity maxima at the leaf margin is functionally significant. Together with previous studies
[97], these observations suggest the following conceptual model of serration development
(Fig. 4.2). At the heart of the model is a feedback loop between auxin transport by PIN1
(process 1) and polar localization of PIN1 by auxin (process 2). Within each cell, PIN1 is
polarized towards the neighbouring cell with a higher auxin concentration (up-the-gradient
polarization model [113, 247]). Operation of this mechanism requires the presence of CUC2,
which enables the re-localization of PIN1 (process 3). Auxin, in turn, represses CUC2
expression (process 4), which yields an interspersed pattern of auxin convergence points
and CUC2 activity. In Arabidopsis leaves, which grow primarily at the base [52, 120, 131]
this mechanism produces a basipetally progressing sequence of auxin convergence points
separated by CUC2 expression. This pattern controls local rates of margin outgrowth,
yielding serrations at sites of high auxin activity, and indentations at sites of high CUC2
expression.

4.3

Computational model

I developed a computational model of leaf margin development to test whether the molecularlevel interactions implied by the conceptual modal can plausibly generate observed patterns
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Figure 4.2: The conceptual model of auxin, PIN1 and CUC2 interactions at the leaf margin
proposed by Bilsborough et al. [22]. PIN1 localization directs polar transport of auxin (1).
In turn, PIN1 polarizes up-the-gradient of auxin concentration (2). This feedback underlies
a spacing mechanism, which leads to the formation of auxin maxima and minima. Operation of this spacing mechanism is dependent on the expression of CUC2, which enables the
re-localization of PIN1 proteins (3). Auxin, in turn, inhibits CUC2 (4), which stabilizes the
position of auxin maxima. The protrusions and indentations of serrations are a morphological readout of the sites of high auxin and CUC2 concentrations, respectively. Large and
small green ovals: auxin maxima and minima; pink ovals: CUC2 expression; dashed arrows
and pale pink oval: CUC2 activity repressed by auxin; red wedges: polarly localized PIN1
proteins.
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of gene expression and auxin distribution at the growing leaf margin, as well as the geometric
forms of growing leaves. In the model, the margin is modelled as a sequential arrangement
of cells that propagate through space as the leaf grows (Fig. 4.3B). Each cell is represented
by the positions of its walls in space, concentrations of auxin, PIN1 and CUC2 proteins, and
the allocation of PIN1 to the cell membranes abutting adjacent cells. Growth results from
a superposition of two processes. The first process coarsely describes the emergence of leaf
shape by propagating the margin in the longitudinal and lateral directions independently of
auxin and CUC2 concentrations. Consistent with observations of cell division rates in [52],
the model assumes that the highest growth rates are near the leaf base. The second process
modulates the rates of margin propagation in directions normal to the margin, increasing
them at the sites of high auxin concentration, and decreasing at the sites of high CUC2
expression. Upon reaching a threshold length a cell divides, with the daughter cells inheriting
the molecular state of their parent. Mathematical details of the molecular-level simulations
and growth are presented in the remainder of this section.
All simulations (Figs. 4.6-4.8) were specified in the L+C modelling language [118, 195],
which is based on the mathematical formalism of L-systems [141,197]. During each simulation
step, the differential equations comprising the model (Eqs. 4.1,4.5, 4.12, and 4.13) were solved
numerically using forward Euler’s integration. Each step consisted of 50 integration steps
for the molecular-level simulations (Eqs. 4.1 and 4.5) and a single growth simulation step
(Eqs. 4.12 and 4.13). The adequacy of this scheme was verified by reducing the time steps 5fold; the same results were obtained. The simulations have been implemented and visualized
using the software package L-studio (http://algorithmicbotany.org/lstudio).

4.3.1

Molecular processes

As reviewed above, many morphogenetic processes that regulate leaf form take place on the
leaf margin. Consequently, we model a leaf as a single file of cells corresponding to the
leaf margin. For simplicity, all cells in the model are assumed to have unit volume, and all
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Auxin represses
CUC2 expression
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Nij
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IAAi

CUCi

Nj

P
I
Nij

CUC2 enables PIN1
reallocation

Figure 4.3: Principles underlying the simulation of Arabidopsis leaf margin development.
(A) Molecular aspects of the simulation. A concentration of auxin ([IAAi ]) and CUC2
([CU C2i ]) is stored for each cell, and a concentration of PIN1 for each cell-wall ([P INij ]).
The model assumes that PIN1 polarizes up-the-gradient and incorporates CUC2 as the enabling factor. (B) Geometric aspects of the simulation. A cell is represented as a trapezium,
with auxin concentrations shown as a fill colour (black: low concentration, bright green: high
concentration), CUC2 concentrations visualized as the radius of a pink circle, and PIN1 concentration at a membrane shown as the width of a red wedge. Leaf development is simulated
by iteratively propagating a leaf margin in the normal direction, with auxin locally promoting and CUC2 locally inhibiting the propagation. The propagation is effected by moving
cell walls and readjusting cell shapes accordingly. The normal direction Nij at a cell wall is
approximated as the average of the normal directions Ni and Nj of the adjacent cells.
interfaces between adjacent cells (cell walls and membranes) have unit area. Under these
assumptions, the balance law capturing the changes of auxin concentration [IAA]i in cell i
has the form [192]:
X
d[IAA]i
= σ (H − [IAA]i ) − µ[IAA]i −
Φij + Φext .
dt
j

(4.1)

The term σ (H − [IAA]i ) models local auxin production, which is assumed to asymptotically
approach target level H with the rates controlled by coefficient σ. The term µ[IAA]i captures
auxin turnover at the rate controlled by coefficient µ. Non-zero values of the term Φext make
P
it possible to simulate exogenous application of auxin (Fig. 4.6I). Finally, the sum j Φij
represents auxin transport along the leaf margin as the sum of fluxes Φij through the faces
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separating cell i from its neighbours j. As in the model of Brachypodium, extracellular space
is omited. Consequently, the fluxes are captured by the equation [63, 113, 165]:
Φij = T [IAA]i [P INij ] − T [IAA]j [P INji ] + D ([IAA]i − [IAA]j )

(4.2)

where [P INij ] is the concentration of PIN2 proteins in the membrane of cell i abutting cell
j, T characterises the efficiency of PIN-dependent polar transport, and D is a coefficient of
diffusion. A flux Φij is assumed to be positive if it represents net efflux from cell i to cell
j, and negative otherwise. Potentially, PIN proteins within each cell are allocated to cell
membranes according to the up-the-gradient polarisation model [113,247], using the formula
proposed in [247]:
B [IAA]i
[P INij ]potential = [P INi ] P [IAA] .
k
kB

(4.3)

The total amount of PIN proteins in a cell i, denoted [P INi ], is thus distributed between cell
membrane segments according to a power function of auxin concentrations in the neighbouring cells. The sum in the denominator, ranging over all cells k adjacent to cell i, normalizes
the results, such that concentrations of PIN proteins allocated to individual segments of the
membrane add up to the total concentration [P INi ]. Following the experimental results
reported by Bilsborough et al. [22] (Fig. 4.1), is further assumed that PIN (re)polarisation
in cell i only takes place if the concentration of CUC proteins in this cell exceeds a threshold
value T hCU C . In the opposite case, the allocation of PIN to membrane segments in cell i
remains constant:

[P INij ] =




[P INij ]potential

if [CU Ci ] > T hCU C



const

otherwise.

(4.4)

Changes in CUC concentration are modelled by the equation:
d [CU Ci ]
ρCU C
=
· [CU Ci ] − (ν + νIAA [IAA]i ) [CU Ci ] .
dt
1 + κCU C [IAA]i
2

(4.5)

Within this chapter symbols PIN and CUC denote PIN1 and CUC2 proteins, as no other members of
PIN and CUC protein families are considered here.
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This equation specifies changes in CUC concentrations as an aggregate result of CUC production (first term) and turnover (second term). The production of CUC is controlled by
parameter ρCU C and is downregulated by auxin. This down-regulation represents miRNAindependent effect of auxin on CUC, likely resulting from the regulation of CUC transcription by auxin. The sensitivity to auxin is controlled by parameter κCU C . The rate of auxin
degradation is controlled by the auxin-independent term ν and the auxin-dependent term
νIAA [IAA]i . This latter term is meant to represent the effect of auxin-dependent degradation of CUC by miR164. To capture the cellular saturation of CUC expression, it is further
assumed that CUC concentrations cannot exceed a maximum value CU CM AX .
4.3.2

Growth regulation

Leaf development is simulated using boundary propagation methods [233], i.e., by propagating this margin in space over time. This process is carried out iteratively, by updating
positions (xi,j , yi,j ) of cell wall midpoints between adjacent cells i and j (except for the walls
at the leaf base). On this basis, cell geometry is updated. A cell divides when its length
(defined as the distance between the midpoints of the walls separating this cell from its
neighbours along the margin) exceeds a threshold value T hlength . At this point, the cell is
replaced by two daughter cells, which inherit the molecular state of the parent.
Margin propagation is simulated by adding margin displacement, which is locally controlled by simulated molecular processes, to an assumed background growth of the whole
leaf. The displacement velocity ~v of point (xi,j , yi,j ) is calculated as

~vi,j = fIAA

[IAA]i + [IAA]j
2




fCU C

[CU Ci ] + [CU Cj ]
2



~ i,j ,
h(yi,j )N

(4.6)

~ i,j is the propagation direction normal to the margin and pointing outward (Fig. 4.3B).
where N
Function fIAA captures the dependence of the propagation rate on the average concentration
of auxin in cells i and j. This velocity increases sigmoidally with the average auxin concentration in the adjacent cells i and j: Given ∆a = amax − amin and ∆c = [IAA]max − [IAA]min ,
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fIAA( [IAA] )

A

B

C

fIAA(([IAA] )

fcuc ([CUC])

amax
amax

bmax

∆a
∆b

amin

amin

[IAA]
[IAA]min

∆c

[IAA]

[IAA]

bmin

[CUC]
[CUC]min∆[CUC] [CUC]max

max

Figure 4.4: Plots of functions controlling auxin and CUC dependent growth in the model.
(A) A sigmoidally increasing function fIAA ([IAA]) (Eq. 4.7). (B) A family of curves
fIAA ([IAA]) generated by simultaneously increasing amin and amax (blue to red). (C) A
decreasing function fCU C ([CU C]) (Eq. 4.8).
the function fIAA
fIAA ([IAA]) =




amin





∆a
3
−2 ∆c
3 ([IAA] − [IAA]min ) +






amax

if [IAA] ≤ [IAA]min
∆a
3([IAA]
∆c2

− [IAA]min )2 + amin

if [IAA]min < [IAA] ≤ [IAA]max
if [IAA]max < [IAA]
(4.7)

smoothly interpolates between the minimum value amin and the maximum value amax over
the interval [[IAA]min , [IAA]max ] (Fig. 4.4A-B) [194].
Function fCU C captures the impact of the average CU C concentration in cells i and j on
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Figure 4.5: Plots of functions controlling auxin and CUC independent growth in the model.
(A) A plot of function h(y) (Eq. 4.9). (B) Relative elementary rate of growth RERGX as
a function of y (Eq. 4.10). The dashed line connects the linearly decreasing segment to
its y-intercept aX . (C) Dashed line: The relative elementary rate of growth RERGY as a
function of y (Eq. 4.11). Solid line: Integral of RERGY with respect to y (Eq. 4.15). (D)
The dependency of curves shown in (F) on the parameter ay . Corresponding curves are
shown in the same colour.
the propagation rate: Given ∆b = bmax − bmin and ∆[CU C] = [CU C]max − [CU C]min , this
fCU C ([CU C]) =




bmax



 

[CU C]−[CU C]min
+ bmin
∆b 1 −
∆[CU C]






bmin

if [CU C] ≤ [CU C]min
if [CU C]min < [CU C] ≤ [CU C]max
if [CU C]max < [CU C]
(4.8)

function decreases linearly from the maximum value bmax for CU C concentrations less then
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the threshold [CU C]min to the minimum value bmin for CU C concentrations exceeding the
threshold [CU C]max (Fig. 4.4C). The piecewise linear function (Eq. 4.8) was chosen as it
made it easier to explore the impact of CUC overexpression than a sigmoidal function of the
form (Eq. 4.7), which could have also been used.
The margin propagation velocity ~vi,j also depends on the distance yi,j of the point
(xi,j , yi,j ) from the base of the leaf. This dependency is captured by the function





hmax 1 − y
if 0 ≤ y < yh
yh
,
h(y) =


0
if y ≥ yh

(4.9)

where hmax , yh > 0 are parameters (Fig. 4.5A). This function reflects the reported spatiotemporal growth pattern of young Arabidopsis leaves, according to which cell division rates
are highest (hmax ) near the leaf base (y = 0), decrease as the distance from the base increases
(0 < y ≤ yh ), and eventually drop to zero at the distal parts of the leaf (y ≥ yh ) [52,131,211].
Margin displacement is superimposed on the background growth of the leaf blade, which
is specified in terms of relative elementary rates of growth (RERG) [99,205] in the x (lateral)
and y (longitudinal) directions. These rates are assumed to depend on the distance y from
the leaf base in a manner similar to the function





aX 1 − y
T hX
RERGX (x, y) =


0





aY 1 − y
T hY
RERGY (x, y) =


0

h (Eq. 4.9):
if T hP ET IOLE ≤ y < T hX

(4.10)

otherwise
if 0 ≤ y < T hY

.

(4.11)

otherwise

Plots of these functions are shown in Fig. 4.5B-D. The lateral growth of the leaf blade near
the petiole is inhibited by molecular factors outside the scope of our model [259]. This
inhibition is needed to maintain a narrow base at its junction with the petiole (the petiole
itself is not included in the model). The inhibition is simulated by assuming that the function
RERGX (Eq. 4.10) is equal to 0 near the leaf base (y < T hP ET IOLE ).
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The rate of displacement of a wall (i, j) between cells i and j in the transversal direction
results from the integration of RERGX along the x axis, and the addition of the displacement
due to marginal growth:
dx
=
dt

x

Z

x
RERGX (s, y)ds + vi,j
,

(4.12)

0

where y is the ordinate of the center of the wall between cells i and j. A similar formula
applies to the displacement in the longitudinal direction:
dy
=
dt

Z

y
y
RERGY (x, s)ds + vi,j
.

(4.13)

0

Given the simple form of the RERG functions defined by Equations 4.10 and 4.11, the
integrals in Equations 4.12 and 4.13 have closed forms:





Z x
aX 1 − y x if T hP ET IOLE ≤ y < T hX
T hX
RERGX (s, y)ds =

0

0
otherwise




2

Z y
aY y − y
if 0 ≤ y < T hY
2T hY
RERGY (x, s)ds =

0

aY T hY
otherwise.
2

(4.14)

(4.15)

As an example, the integral given by Equation 4.15 is shown in Fig. 4.5C,D.

Parameter values
Although estimates for the values of some parameters used in our simulations exist (e.g.
[10, 84, 113, 129]), most values are not yet known. Consequently, I have opted to use dimensionless parameters in simulations, which is consistent with the qualitative nature of the
presented model. The model produces serrated leaf forms for a wide range of parameter
values: with some coordination between different parameters, most parameters can be significantly changed - even by several orders of magnitude - while qualitatively preserving the
simulation results (not shown). The range of parameter is narrower (with some parameters,
especially growth attributes, defined with the accuracy of ± 10%) if a specific leaf shape and
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number of serrations is to be generated, as is the case for the examples shown in the next
section. Overall, the values in Tables 4.1 and 4.2 are reported to assure reproducibility of
our results, rather than estimate the physical values.
Simulations start with the margin of a leaf primordium modelled as a sequential arrangement of 8 cells, with CUC2 expressed in all cells, and auxin present in all cells except for the
first and last cell in the sequence (Fig. 4.6A). These two cells act as auxin sinks, sustaining
low concentration of auxin at the boundary between a leaf primordium and the shoot apical
meristem throughout the simulation [97]. Initial conditions assume uniform CUC2 distribution so that a consistent state of the model can be obtained (with CUC2 eliminated from
the distal zone and PIN1 proteins pointing to the auxin maximum) automatically, instead
of setting all attributes individually in each cell.

4.4

Results

The developmental sequence of a wild type Arabidopsis leaf model is shown in Fig. 4.6A-F.
The earliest developmental stage observed in the data of Bilsborough et al. (see Fig. 1A
in [22]) corresponds approximately to frame 20 of the simulations, after which the gradual
emergence of auxin concentration maxima interleaved with CUC2 expression is observed.
These maxima emerge in a basipetal order, where the space for them is created due to high
growth rates at the base of the leaf (uniform growth would result in an intercalary order of
emergence, Fig. 4.8C). This process is inherently asymmetric in the proximal-distal direction,
producing serrations with larger proximal than distal edges similar to those observed in wild
type A. thaliana leaves [119]. Specifically, a new serration has an adjacent serration in a
distal, but not proximal direction. This results in a relatively higher number of basal cells
supplying auxin to the proximal edge than to the distal edge of the incipient serration,
yielding more growth on the proximal side. The growth of the proximal edge is further
enhanced by the assumed gradient of growth rates, decreasing away from the leaf base.
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Figure 4.6: The computational model of Arabidopsis leaf margin development. (A) Representation of the leaf primordium (frame 1 of the simulation). (B-F) Selected stages of the
simulation of wild-type leaf development (frames 127, 284, 651, 990, 1350). (G) Simulation
of a pin1 mutant produces a leaf without serrations and with auxin concentration gradually
decreasing towards the base of the leaf. Related phenotypes characterise a leaf resulting from
auxin application (H) and cuc2 mutant leaf (I). (J) Increased CUC2 expression produces a
leaf with increased indentation. (K) Uniform CUC2 expression produces a leaf with greatly
reduced indentation. Panels F-K show frame 1350 of simulations.
To further validate the model, the effect of several pharmacological and genetic manipulations were simulated and it was found that they recapitulate biological observations
(Fig. 4.6G-K). To simulate pin1 mutants, PIN1 concentration in all cells was set to 0. Auxin
concentration then forms a continuous gradient from the leaf base to the tip (Fig. 4.6I). The
diffuse concentration of auxin irreversibly represses CUC2 expression outside the leaf base
(Eq. 4.5). In the absence of the pattern of interleaved auxin concentration and CUC2 expression maxima, no serration is formed. Similar model behaviour corresponds to simulated
NPA treatment of the leaf, in which polar auxin transport (parameter T in Eq. 4.1) is set to
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0. Serrations are also absent when exogenous auxin application is simulated by assuming a
constant supply of auxin to each cell (parameter Φext in Eq. 4.1). High auxin concentrations
repress CUC2 expression outside the leaf base (Eq. 4.5), which prevents repolarization of
PIN1 (Eq. 4.4). Consequently, neither CUC2 expression nor auxin convergence points form
(Fig. 4.6H).
To further investigate the role of CUC2 in serration formation, I simulated cuc2 mutant
leaves by setting CUC expression to 0 after the PIN convergence point at the leaf tip had
formed (Fig. 4.6I), as this convergence point is maintained in cuc2 leaves [22]. The simulated cuc2 mutant leaves have a smooth margin due to the lack of indentations marked by
CUC2 expression and the lack of protrusions marked by PIN1 convergence points. These
convergence points do not form as PIN1 fails to repolarize in the absence of CUC2. The cuc2
mutant simulation also captured the dynamic pattern of auxin activity observed during cuc2
leaf margin development, where a continuous auxin gradient gradually emerges between the
minimum at the leaf base and the maximum at the tip. In contrast to these genotypes that
lack serrations, leaves with elevated CUC2 expression have more pronounced serrations, as
observed in mir164a, axr1 and bdl/BDL mutants [22, 175]. Increased CUC2 expression was
simulated by increasing maximum CUC concentration (parameter CUCmax in Eq. 4.5). As
anticipated, the resulting model had deeper serrations (Fig. 4.6J). To investigate the significance of discontinuous CUC2 expression I simulated uniform CUC2 expression in each
cell. The resulting leaves had reduced depth and number of serrations (Fig. 4.6K). Models
in which a random variation of auxin production (“noise”) was introduced to investigate
the robustness of the patterning mechanism further illuminated the role of CUC2 (Fig. 4.7).
In the case of uniform CUC2 expression, auxin maxima moved along the margin. For a
moderate amplitude of noise this motion was sporadic, resulting in irregular, asymmetric
leaf shapes (Fig. 4.7A-C). At higher amplitudes the position of maxima changed frequently,
and the lack of sustained maxima resulted in no visible serrations being formed (Fig. 4.7D).
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In contrast, the model of a wild type leaf, which has interspersed CUC expression, showed
no departure from the deterministic model for moderate noise, and approximately correct
serrations for high amplitude of noise (Fig. 4.7E,F). The feedback between CUC2 and polar
auxin transport is thus essential for the robust formation of serration patterns.

Figure 4.7: Analysis the leaf serration model in presence of perturbations. (A-C) Representative AtML1::CUC2 leaves simulated with the auxin production varying stochastically with
uniform distribution in the range of ±2.5% of the maximum production rate σH (Eq. 4.1) in
each simulation step. (D-F) Representative AtML1::CUC2 (D) and wild type (E,F) leaves
generated with the auxin production varying in the range of ±7.5% of the production rate
σH.
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Figure 4.8: Hypothetical models of leaf development. (A,B) Snapshots from a simulation of a
hypothetical leaf development, in which PIN1 proteins can reorient in the absence of CUC2.
The proximal convergence point marked by an arrow (A) splits into two convergence points
(B). The resulting convergence points move away from each other until a stable spacing
is achieved (curved arrows). (C) The order of serration emergence in a hypothetical leaf
growing uniformly along the proximal-distal axis.

4.5

Conclusion

Recent experimental work has created a wealth of biological data regarding the development
of leaf form. This work has highlighted the morphological importance of molecular events
occurring at the leaf margin to leaf form development in diverse species. Nonetheless, a
predictive, mechanistic model of leaf margin development has been lacking. The model presented in this chapter begins to address this problem, focusing on the well-studied model
plant Arabidopsis. In particular, the model accounts for a core molecular module comprised
of auxin, PIN1, and CUC2, which controls the initiation of marginal protrusions in a growing leaf blade. The proposed model reproduces the spatiotemporal distributions of these
compounds as well as the progression of leaf forms observed during wild-type development.
Additionally, the model also reproduces the effects of genetic and hormonal manipulations
of auxin, PIN1 and CUC2, including the initially unintuitive results of removing or forcing
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the expression of CUC2.
The model suggests specific morphogenetic roles for CUC2 in the patterning and growth
of serrations. From a patterning perspective it is not immediately clear that a CUC2-like
substance is required, as previous computational models have shown that a feedback between
PIN polarization and auxin transport alone can produce periodic patterns of PIN convergence
points [113,247]. However, to robustly position convergence points in the presence of growth
(as occurs during phyllotactic patterning) additional ad-hoc assumptions were required to
stabilize the position of convergence points (as discussed in [176, 219, 247])3 . Their goal
was to fix the convergent polarities generated when the CP was formed and thus stabilize
its position [247]. Similar assumptions were employed in the model proposed in Chapter
3 (Sec. 3.3.3). In the model proposed here PIN1 repolarization requires the presence of
CUC2, thus localized down-regulation of CUC2 by auxin stabilizes the position of PIN1
convergence points and auxin maxima on the margin (Fig. 4.7), removing the need for
the preceding assumption. With regards to growth, CUC2-dependent growth repression
marks the position of indentations. In the model CUC2 expression is removed by auxin and
propagates by lineage, which restricts growth repression to small regions between serrations.
Consequently, the model suggests CUC2 is essential to robustly position protrusions and
indentations of individual serrations.
There are, however, still some details regarding the role of the leaf margin in the regulation
of leaf development that have yet to be explained. For instance, the results reported in [22]
indicate that when convergence points fail to form in cuc2 mutants, vascular patterning is
relatively unperturbed. This suggests that vascular development can proceed in the absence
of focused marginal auxin maxima. In this instance, DR5 is broadly expressed along the leaf
margin, and it is possible that the internalization of this auxin provides a diffuse source of
auxin that drives the patterning of subepidermal veins.
3

In the model of convergence point and vein formation proposed by Bayer et al. [10], which did not
simulate tissue growth, this heuristic assumption was not required.
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Conversely, in the first leaf of Arabidopsis the initial convergence points that appear
in the leaf do not give rise to an associated serration [231]. As the expression of DR5 at
these maxima is relatively weak compared to those observed when serrations are initiated,
it is possible that the auxin maxima at these convergence points are insufficient to generate
a noticeable protrusion. Alternatively, this may indicate that the two roles attributed to
CUC2 in the model (convergence point formation and serration initiation), may, in reality,
be separable.
Additionally, at the molecular level, the lower-level implementation of several aspects of
the molecular processes assumed in the model is still an open question. The molecular basis
of up-the-gradient polarization has yet to be resolved (as discussed in Section 2.2.2), which
makes it difficult to determine in detail the influence of CUC2 on cellular polarity. In the
following chapter, this problem is revisited in the context of Cardamine, where experimental
observations support deeper insights. In the future, it will be important to consider the
importance of other molecular compounds known to regulate PIN polarity. These include
the MAB4 [69] and PINOID [66] proteins, which appear to direct PIN localization, as well
as the hormone cytokinin, which appears to regulate PIN endocytosis [153]. The role of
cytokinin seems especially pertinent as it was recently shown that selective inhibition of cytokinin production at auxin maxima is important for the robust establishment of phyllotactic
patterns [20].
It is worth noting that the perspective offered by the model provides guidance in understanding results outside of the strict purview of this model. In essence, the model shows
serration development to be the product of a spatial patterning mechanism driven by growth,
where additional protrusions are introduced in competent regions as space becomes available
(as exemplified by Fig. 4.8 C). This geometric perspective provides a basis for reasoning about
other mutants — particularly those with altered growth. For example, leaves with reduced
TCP activity have an increased number of serrations [55, 180]. According to the model, this
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is a direct consequence of their increased margin length, which creates additional space for
serrations to form via auxin, PIN1 and CUC2 activity. Experimental data supports this idea
as increased serration of leaves with reduced TCP activity is partially suppressed in a pin1
or cuc2 mutant background [22]. The extension of this geometric perspective to compound
leaves, and leaf forms in general, turns out to have great utility and is considered in more
detail in the next two chapters.
The perspective outlined above coincides with that underlying geometric and field based
models of phyllotaxis, where new primordia are introduced wherever there is sufficient space
at the shoot apical meristem for them [248]. Consequently, at the geometric level serration
development and phyllotactic patterning seem to be different manifestations of the same
processes operating in different geometries: a radially symmetric self-maintaining meristem
versus a one-dimensional leaf margin deformed by the dynamic growth of a determinant leaf
blade [219]. Molecularly, the similarities between these two phenomena are also striking [19],
as the positions of lateral organs are determined by a feedback between auxin and PIN1 [113,
204, 247], and is regulated by CUC proteins [70]. Extending the model to the epidermal
layer of the shoot apex may, therefore, improve our understanding of phyllotactic pattern
formation by eliminating the heuristic assumption required to stabilize PIN1 convergence
points in earlier molecular level models of this process (i.e. PIN1 polarities near a CP are
biased towards the CP [176, 247]).
Finally, the boundary-based method developed to model the leaf margin is interesting in
its own right, and has subsequently been used in other studies of leaf form development [171].
The proposed method permits the relation between molecular processes and changes in leaf
form to be specified directly, without concern for the cellular level underpinings of growth
(which are currently not well understood [163, 214]) . The basic method presented here is
extended in the subsequent chapters to provide a comprehensive methodology for modeling
leaf form.
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Parameter
Name

Symbol

Simulation
Equation Fig. 4.6 Fig. 4.6G,Fig. 4.6H, Fig. 4.6I, Fig. 4.6J, Fig. 4.6K,Fig. 4.8A,
A-F, wild pin1 auxin ap- CUC2
CUC2 L1::CUC
B
type
plication
overexpression
4.2
0.4
4.2
2.5
1.5
4.1
0.4
4.1
10
4.1
0.005
4.1
0
0.8
4.3
1
0
4.3
6
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Polar transport coefficient
T
Diffusion coefficient
D
Auxin production rate
σ
Target auxin concentration
H
Auxin turnover rate
µ
Exogenous auxin flux
Φext
PIN1 concentration
[P INi ]
Exponentiation base for
b
calculating PIN1 polarization
Threshold CUC2 concentration T hCU C
4.4
1
for PIN1 polarization
CUC2 production rate
ρCU C
4.5
63
Sensitivity of CUC2
down-regulation to auxin
CUC2 turnover rate
κCU C
4.5
1.7
Coefficient of auxin-dependent
ν
4.5
3.6
CUC2 degradation rate
νIAA
4.5
0.0018
Maximum CUC2 concentration CU CM AX
4.5
5
0∗
15
Time step for molecular-level
0.05
simulations
All simulations use the same parameter values as specified for the wild-type leaf (fourth column) except
when shown otherwise.
∗
PIN1 can reorient for the first 180 frames, allowing the convergence point at the leaf apex to form.
†
The concentration of CUC2 is constant in each cell over time.

0

5†

Table 4.1: Parameter values related to the simulation of molecular-level processes.

0

Name
Symbol
Minimum value of fIAA
amin
Maximum value of fIAA
amax
Range of margin displacement rate
([IAA]min , [IAA]max )
sensitivity to auxin concentration
Minimum value of fCU C
bmin
Maximum value of fCU C
bmax
Range of margin displacement rate
([CU C]min , [CU C]max )
sensitivity to CUC concentration
Maximum margin displacement rate
hmax
Longitudinal extent of margin
yh
displacement
Longitudinal extent of lateral growth
T hP ET IOLE
inhibition
Maximum rate of lateral growth
ax
Longitudinal extent of lateral growth
T hx
Maximum rate of longitudinal growth
ay
Longitudinal extent of longitudinal growth T hy
Threshold length for cell division
T hlength
Time step for growth simulation

Equation
4.7
4.7
4.7

Value
0.1
1.0
(0,15)

4.8
4.8
4.8

0
1
(0,55)

4.9
4.9

0.0396
600

4.10

100

4.10
4.10
4.11
4.11
4.11
-

0.00825
300
0.01650
300
50
2.5

Table 4.2: Parameter values related to growth regulation.
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Chapter 5
A computational model of margin development in
Cardamine
In eudicots, the CUC-auxin-PIN1 module appears to be remarkably conserved between
species, and is essential to the elaboration of leaf form through the introduction of marginal
protrusions that give rise to serrations, lobes, or leaflets. The general importance of this
module has been confirmed for a wide range of species, including Arabidopsis thaliana [22,
91, 175, 231], Cardamine hirsuta [7, 23], tomato [23, 126], and pea [23]. As shown in the
preceding chapter, interactions between auxin, PIN1 and CUC2 suffice to explain margin
development in Arabidopsis. Thus, the model of Arabidopsis provides a plausible mechanism
for the positioning of marginal protrusions.
In compound leaves, however, the development of leaflets following initiation diverges
significantly from that of serrations in Arabidopsis. In contrast to serrations, the growth
pattern of each leaflet appears to be relatively independent of the rest of the leaf, leading
to the production of a leaf-like form complete with supporting stalk (the petiolule). Developmentally, this seems analogous to the initiation of a leaf on the SAM, which involves
the reorganization of growth at a leaf primordium (Section 2.3.3). This suggests that leaflet
initiation requires the specification of a new axis of growth, which is used to organize the
growth of the leaflet independent of other portions of the leaf.
The model of Arabidopsis does not elucidate the process by which growth polarities are
reorganized at marginal protrusions to produce leaflets. Consequently, in this chapter I
focus on Cardamine hirsuta, a close relative of Arabidopsis with compound leaves. Previous
experiments have identified numerous similarities between the spatio-temporal patterns of
auxin, PIN1 and CUC2 in these two plants (see Section 2.3.3), and have pointed to KNOX
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expression in the leaf as an important feature of Cardamine required for the development of
compound leaf forms [7]. Studies indicate that KNOX expression in the leaf is a requirement
for compound leaf development in other species as well [7, 21, 229, 234]. Thus, the primary
question examined in this chapter is: how is KNOX activity integrated with the basic,
highly conserved module modeled in Arabidopsis and leaf growth during leaflet development?
Addressing this questions invokes a number of more specific queries regarding the process
by which new axes of growth are patterned and the forms of leaflet blades and petiolules
established.
To examine these questions, I propose a model of leaflet development in Cardamine based
on unpublished images and hypothesis provide in the scope of collaborations between the
labs of Prof. Prusinkiewicz and Prof. Tsiantis. For clarity, I refer to the materials provided
by Prof. Tsiantis as “M Tsiantis, personal communication” (reference [258]). The results
presented in these materials are summarized in Section 5.1, and imply that the KNOX
gene STM plays an intricate role in leaf development, and functions to turn on the module
which generates and positions marginal protrusions. The biological observations from [258]
are combined with the conceptual model presented for Arabidopsis to obtain a conceptual
model incorporating KNOX (Section 5.2).
Using the proposed conceptual model, I developed a computational model of Cardamine
leaf margin development by extending the model implemented for Arabidopsis. The extended model simulates the interactions between auxin, CUC2, PIN1 and KNOX near the
leaf boundary. Unlike the small serrations of Arabidopsis, which can be accounted for by
locally perturbing growth rates, reproducing the pronounced leaflets of Cardamine requires
reorganization of growth polarity in the leaf. To model this, an extension of the boundary
propagation method is proposed, which accounts for the establishment of secondary axes of
growth. Analysis of the resulting model highlights the following conceptual contributions:
i) a confirmation that the molecular regulation assumed in Arabidopsis is applicable to
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Figure 5.1: Cardamine hirsuta leaf margin development and PIN1 convergence points
from [7,258]. (A-B) Wild-type Cardamine hirsuta leaves (A: mature and B: young). (C) Confocal micrographs showing DR5::VENUS (yellow) and PIN1::PIN1-GFP (green) in emerging
leaflets at successive stages of development (progressing left to right). Images courtesy of
Miltos Tsiantis.
Cardamine;
ii) the identification of a morphogenetic role for KNOX, as a compound permissive to the
reorganization of growth polarities;
iii) a lower-level explanation of the polarity fixing assumed in Arabidopsis; and
iv) the importance of the dynamic establishment of growth axes to compound leaf forms.
Understanding the distinction between simple and compound leaves, and in particular
the reorganization of growth polarity at leaflets, provides a basis for reasoning about the
leaf forms which span the spectrum from simple, entire leaves to compound leaf forms.
Consequently, in addition to providing a refined picture of the molecular level operation of
the module introducing marginal protrusions, the work presented in this chapter provides
the final insights required for the geometric model of leaf form development presented in the
following chapter.
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5.1

Summary of key biological observations

Although closely related to simple-leaved Arabidopsis, Cardamine hirsuta leaves are compound (Fig 5.1 A, B). Their leaves consist of a terminal leaflet at the end of a central stalk.
Typically, the central stalk also supports a number of lateral leaflets and is thus a rachis.
Leaflets in Cardamine form at PIN1 convergence points (Fig 5.1 C) [7], and polar transport
of auxin by PIN1 is required for leaflet initiation [7,258]. Convergence points typically appear
in pairs at the base of the rachis, where growth is focused. These pairs emerge sequentially,
causing leaflets initiated later to achieve a smaller final size, producing a gradient of leaflet
sizes (Fig 5.1 A). In the results reported in [258], Cardamine leaf development is divided
into four successive stages, where the onset of each stage is identified as follows:
Stage I: The leaf primordium is initiated and the terminal leaflet is specified.
Stage II: The first pair of lateral leaflets is initiated.
Stage III: The second pair of lateral leaflets is initiated.
Stage IV: The final pair of leaflets is visible.
These stages are used in Figures 5.2 and 5.3 and the following text to clarify the timing of
events during leaf development.
The indentations separating adjacent leaflets depend on the expression of CUC [23].
Reducing CUC expression causes leaflets to fuse into lobes, and the combined number of
lobes and leaflets to decrease [23]. The observations from [258] indicate that CUC2 is initially
expressed at the boundary between leaf primordia and the shoot apical meristem (Fig. 5.2
A), but is absent from the rachis margin. The marginal expression of CUC2 in the leaf
first appears at the boundary between the terminal leaflet and the rachis (B), and becomes
restricted to the indentations between leaflets (D).
During subsequent development, it appears that CUC2 is initiated in localized regions of
the margin in concert with convergence point formation and leaflet initiation [258] (Fig. 5.2
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Figure 5.2: Cardamine hirsuta leaf margin development and CUC expression from [258].
Confocal micrographs show expression of CUC2::VENUS (red) and PIN1::PIN1-GFP
(green). (A-B) Cross-sections of the meristem, CUC2 is expressed at the leaf-meristem
boundary (arrows). (B) A developing leaf (stage I) where CUC2 is expressed at the boundary between the terminal leaflet and the rachis (arrow heads). (C-D) Cross-sections parallel
to the leaf blade at later stages of leaf development. CUC2 is expressed at the distal side of
the first lateral leaflet primordium (C, stage II) and the distal side of the second lateral leaflet
(D, stage III). (E-F) Cross-sections, parallel to the leaf blade, of the leaf’s epidermal layer
(E) and subepidermal tissues (F) at the site of an incipit second leaflet primordium (lines
indicate the correspondence between (E) and (F)). CUC2 expression has a greater proximal
extent in the epidermis. (G-H) Subepidermal section of a leaf rachis following the emergence
of the second leaflet primordium (G). (H) The inset in (G) at a higher magnification. The
curve marks CUC2 expression bounding the leaflet base. Images courtesy of Miltos Tsiantis.
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C-F) 1 . The expression of CUC2 is eliminated at the site of the convergence point, and
ultimately becomes restricted to the base of the initiating leaflet (Fig. 5.2 G, H), forming a
collar of expression encircling the leaflet base (H, white curve).
The establishment of the rachis depends on the KNOX gene STM, and is required for
the expression of PIN1, as well as the formation of CPs and initiation of leaflets [7, 258].
Increased STM expression leads to increased PIN1 expression, but a reduction in the amount
of PIN1 localized to the cell membranes (in spite of the overall increase in the availability
of this protein for allocation) [258]. Correspondingly, PIN1 expression is reduced in stm
mutants [258]. Together, these observations indicate that STM upregulates PIN1 expression.
Similar to CUC, it appears that auxin maxima and STM expression sites resolve into
mutually exclusive domains, indicating downregulation at the sites of CPs (Fig 5.3). In
young leaf primordia, STM is expressed in the leaf base (A) and in more developed leaves is
restricted to the rachis (B). The observations reported in [258] indicate that leaflets originate
from two-cell wide marginal domains where STM has been downregulated (C-E), consistent
with earlier estimates obtained via clonal analysis [7].
The collar of CUC expression at the leaflet base appears to coincide with the boundary of
KNOX expression (compare Fig. 5.2 G,H and Fig. 5.3 D,E). Observations of leaf and embryo
development in Arabidopsis indicate that CUC2 is upregulated by STM [249]. Consequently,
it is possible that in Cardamine the maintenance of CUC2 expression in regions nearby the
leaflet that also express STM may be due to upregulation by STM.

5.2

Conceptual model

Previous work on C. hirsuta [7, 23, 93], combined with the experimental results reported
in [258] provides the basis for the conceptual model presented in Fig. 5.4. The basic feedbacks
between auxin, PIN1 and CUC2 introduced in the model of Arabidopsis margin development
1
This can be contrasted with Arabidopsis [22] where CUC expression is present immediately following
initiation, and is subsequently eliminated from auxin maxima.
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Figure 5.3:
Cardamine hirsuta leaf margin development and KNOX expression
from [258]. Confocal micrographs showing expression of ChSTM::3xVENUS (red) and AtPIN1::PIN1-GFP (green) in cross-sections of the meristem (A, from above) and developing
leaves (B-E, from the side). (A) PIN1 and ChSTM have complementary expression domains,
with ChSTM expression marking the leaf base (arrows) and the boundary between the leaf
(marked L) and the meristem (marked M). (B) At later stages of leaf development (leaves
at stages I and II are shown) ChSTM is expressed in the rachis but not the terminal leaflet
(boundary marked by white curves). (C-E) Cross-section of individual leaves following the
emergence of the first (C, stage II) and second (D-E, stage III) pairs of leaflet primordia.
(C) The incipit second leaflet (dashed box) expresses PIN1 (the arrow marks the proximal
boundary), but not ChSTM. (D-E) A leaf following the emergence of the second leaflet pair,
dashed lines mark the boundary of ChSTM expression. Images courtesy of Miltos Tsiantis.
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(Section 4.2) are assumed to be present in C. hirsuta as well. Thus, it is assumed that in
Cardamine:
i) PIN1 proteins polarize up the gradient of auxin concentration, and
ii) their (re)polarization requires CUC2 expression, which is in turn downregulated at sites
of high auxin concentration.
The extended conceptual model described below thus augments the one proposed for Arabidopsis (Section 4.2) by incorporating the feedbacks between growth, auxin, CUC2 and
PIN1 with STM to account for the observations of leaflet development summarized in the
preceding section.
An essential element in the development of leaflet form in Cardamine is the establishment
of a new growth direction at the site of leaflet initiation, and the emergence of a narrow leaflet
base. To connect molecular processes to growth, I assume that the rate of marginal outgrowth
is increased by auxin [7,22] and inhibited by CUC2 [23] and the KNOX protein STM [91,234].
To explain the radical changes in growth polarity which occur at leaflets, I assume that
KNOX is required for the (re)specification of growth polarities. This morphogenetic role
is assumed to be specific to KNOX genes, as expression of KNOX in the leaf blade of
Arabidopsis is able to produce pronounced lobed [91], or compound-like [234] forms which, it
appears, cannot be recapitulated by increased CUC expression alone (c.f. [22,175]). Instead,
CUC2 expression marks the boundary between the leaflet petiolule (which expands parallel
to the leaflet midvein) and the adjoining rachis (which expands parallel to the midvein
of the leaf). This boundary forms a collar at the base of the leaflet (Fig. 5.2 G,H), that
exhibits significantly reduced expansion compared to neighboring regions. Consequently, I
assume that the collar of CUC2 expression serves to maintain a narrow leaf base by strongly
inhibiting growth in this region.
The presumed importance of KNOX leads to the question of how KNOX activity is integrated with the other compounds during leaf development. Additionally, unlike Arabidopsis,
127

Cj
CUC2

2

P IN1

4

1

Auxin

2

Auxin

PIN1

3

CUC2

KNOX

KNOX

KNOX
Auxin

PIN1

Auxin

CUC2
CUC2

Figure 5.4: Conceptual model of leaflet formation in Cardamine hirsuta. (Left) Relations
between CUC2 (pink circle), auxin (green circle), KNOX (yellow circle), unallocated PIN1
(red circle), and membrane localized PIN1 (red on the cell wall). The concentration of auxin
across the cell wall is Cj . Solid lines indicate relations inherited from the model of Arabidopsis
margin development (Chapter 4) and dotted lines indicate relations introduced in the model
of Cardamine, bars indicate inhibition and arrows indicate activation. (Right) The operation
of the genetic regulatory network can be decomposed into a number of processes, many of
which are the same as in Fig. 4.2. Additional processes incorporate KNOX. Auxin and
KNOX act together to initiate PIN1 expression (1) and, at intermediate concentrations of
auxin, CUC2 (2), permitting a convergence point to form. The high auxin concentration at
the convergence point inhibits CUC2 and KNOX (3), causing CUC2 and KNOX mediated
endocytosis (4) to cease and PIN1 polarities to become fixed. Large and small green ovals
represent auxin maxima and minima. The pink ovals indicate CUC2 expression, and the pale
pink oval indicates CUC2 activity repressed by auxin. Yellow regions indicate the expression
of KNOX, with pale yellow regions specifying where KNOX activity is repressed by auxin.
Red wedges represent polarly localized PIN1 proteins. Finally, dashed arrows show feedbacks
inhibited by downregulation of CUC2 or KNOX.
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where CUC2 is initially present in the entire leaf, biological observations suggest that in Cardamine expression is introduced just prior to the formation of the CP marking the site of
leaflet initiation [258], and is later restricted to the boundary between the leaflet and rachis
(Fig. 5.2). This raises the question of how the band of CUC2 encircling the leaflet base is
established. These questions are addressed by the conceptual model of molecular processes
presented in Figure 5.4 and described below.
Leaflet initiation and CP formation in the rachis is dependent on KNOX and auxin accumulation [7, 258]. Thus, the model assumes that auxin at intermediate concentrations acts
with KNOX to activate PIN1 and CUC2 (Fig. 5.4 Right, processes 1 and 2). The initiation of
PIN1 and CUC2 is assumed to depend on both auxin and KNOX, as biological observations
from [258] indicate that, in isolation, neither compound is sufficient to initiate expression
of PIN1 or CUC in the rachis. In the case of PIN1, this assumption is further supported
by observations in other contexts which indicate that PIN1 expression is upregulated by
auxin [204, 247]. In contrast, the assumption that auxin, at intermediate concentrations,
contributes to CUC2 expression is inferred from the observations in [258], but is not yet
supported by additional molecular observations.
The expression of PIN1 and CUC2 leads to the formation of a convergence point (via
feedback (i) from Arabidopsis). As in Arabidopsis, high concentrations of auxin are assumed
to downregulate CUC2, which (via feedback (ii) from Arabidopsis) fix the polarization of
PIN1 at the convergence points. Consistent with experimental observations (Fig. 5.3), auxin
is also assumed to downregulate KNOX (process 3). Downregulation by auxin clears the
leaflet precusors of KNOX and CUC2. Once established, the expression of CUC2 is maintained at the boundary of the leaflet due to the co-expression of KNOX, which is assumed
to enhance CUC2 production.
Experimental observations indicate that increased KNOX expression leads to a reduction
in the PIN1 allocated to the cell membrane, and an increase in the apolar PIN1 in the
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cell. Given that CUC2 may be upregulated by STM and has also been implicated in the
regulation of PIN1 polarization (as discussed in the preceeding chapter), it is unclear whether
the effects of STM on PIN1 localization is accomplished via upregulation of CUC2 or through
an independent molecular pathway. Consequently, to account for these observations, KNOX
and CUC2 are both assumed to increase the rate of endocytosis in the model (process 4),
where the rate of deallocation is presumed to be negligable in the absence of these substances.
The assumed effects of KNOX and CUC2 on endocytosis provides a plausible explanation
for the assumption that CUC2 is required for re-polarization, as without endocytosis the
cellular localization of allocated PIN1 proteins becomes fixed.

5.3

Simulation of molecular processes

The molecular state of each cell is described by values capturing the cellular concentrations of
auxin, CUC, and KNOX, and the quantity and localization of PIN2 . Leaves with a basiplastic
pattern of maturation lose the capability to produce marginal protrusions in a basipetal
wave which is correlated with loss of PIN1 expression and reduced auxin concentrations (as
discussed in Section 2.3.3). To capture this transition, the production of auxin and PIN has
a limited spatio-temporal window. This window initially includes cells within a threshold
distance of the leaf base T hC , and decreases linearly to zero over the simulation time interval
[tS , tE ] (parameter values for molecular processes are provided in Table 5.1).
As in previous chapters it is assumed that each cell has unit area, and that cell walls
have unit length. Under these assumptions, the ith cell’s auxin concentration [IAA]i changes
according to the same equation as in Arabidopsis (Eq. 4.1), which accounts for production,
turnover and flux with neighbouring cells. The flux Φi→j between neighboring cells i and j
across their shared boundary is dependent on polar transport and diffusion, and is likewise
determined by the equation provided for Arabidopsis (Eq. 4.2).
2

Within the sections discussing the model symbols PIN, CUC and KNOX denote PIN1, CUC2 and STM
proteins, as no other members of PIN, CUC and KNOX protein families are considered here.
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Molecular details capturing differences between Arabidopsis and Cardamine are contained
in the remaining equations, which govern PIN distribution and the cellular concentration of
CUC and KNOX. In Cardamine, the KNOX gene STM is present in the leaf blade following
initialization and is downregulated at sites of high auxin activity (Fig. 5.3). These dynamics
mirror those of CUC in Arabidopsis [22] (Eq. 4.5). Thus the change in cellular KNOX
expression [KN OXi ] is captured by a similar equation
d [KN OXi ]
ρKN OX [KN OXi ]2
=
− (νKN OX + νIAA [IAA]i ) [KN OXi ] ,
dt
1 + κKN OX [KN OXi ]2

(5.1)

where the two terms of the equation respectively capture production and turnover of KNOX.
The level of default KNOX expression is controlled by the production coefficient ρKN OX and
saturation coefficient κKN OX . The production term maintains KNOX expression in regions
where it is expressed, but will not introduce expression outside of these regions. Turnover of
KNOX has a basal rate of νKN OX , but also incorporates an auxin dependent turnover with
rate controlled by νIAA (consistent with biological observations, Fig. 5.3).
In Cardamine, CUC expression is initiated in KNOX expressing regions of the margin
at the site of convergence points (Fig. 5.2 E). Ultimately, CUC expression is restricted to
narrow regions marking the boundary between each leaflet and the rachis (Fig. 5.2 G,H).
This spatio-temporal pattern can be cleanly specified as a readout of the auxin gradient
present at convergence points (Fig. 5.5), by assuming that auxin inhibits CUC expression at
high and low concentrations [22,175,258], but contributes to CUC expression at intermediate
concentrations. The assumption that auxin contributes to CUC production at intermediate
concentrations is inferred from the observations summarized in Section 5.1. These observations indicate that KNOX, on its own, is insufficient to initiate the CUC expression which
appears during the establishment of an auxin maximum. Once initiated, CUC expression is
maintained in regions where KNOX is expressed. Taking these factors into account yields
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Figure 5.5: The spatio-temporal dynamics of CUC expression. (Top) A segment of the
rachis margin is shown at three successive time-points. Intervals of KNOX expression are
shown in yellow, intervals of CUC and KNOX expression in light red, and auxin concentration along the segment is indicated by the height of the curve. (Top-Left) Initially KNOX is
expressed along the entire segment, and a small amount of auxin is present. (Top-Middle)
As auxin continues to accumulate it reaches the threshold [IAA]a required to initiate CUC
expression in the centre of the KNOX expressing domain (dashed cyan line). (Top-Right)
Auxin concentrations reach [IAA]b (dashed red line), the threshold required for CUC and
KNOX to be downregulated, leading to their elimination near the auxin maxima. CUC
then becomes restricted to the boundary of KNOX expression. Mathematically, the spatial-temporal progression shown in the Top panel is obtained through the auxin dependent
production of CUC according to the function shown in the Bottom panel. Thus, when auxin
concentration is low or high CUC expression is repressed. However, when [IAA]i falls in the
interval ([IAA]a , [IAA]b ) then CUC expression is increased.
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the following equation describing the change in CUC expression [CU Ci ] in cell i:


d [CU Ci ]
[KN OXi ]
[IAA]2i
= ρCU C1
− ρIAA [IAA]i
dt
1 + [CU Ci ]2 κIAA + [IAA]2i
[KN OXi ][CU Ci ]
+ρCU C2
− (µCU C + µIAA [IAA]i )[CU Ci ],
1 + [CU Ci ]2

(5.2)

The first term controls the initiation of CUC expression and its later restriction to the leaflet
boundary (as shown in Fig. 5.5), whereas the second term maintains expression in regions
where KNOX is also expressed. The final term accounts for the basal (µCU C ) and auxin
dependent (µIAA ) turnover of CUC (potentially via miRNA164 [18]). The first two terms
control CUC production, which saturates quadratically (due to the 1+[CU Ci ]2 denominator)
and depends on KNOX expression (note the multiplication by [KN OXi ]). The second term
is multiplied by [CU Ci ] to target regions that already express CUC and KNOX, and thus
maintains expression in these regions by producing CUC at a rate controlled by ρCU C2 . In
contrast, the first term modulates CUC production based on auxin levels, with the rate
controlled by ρCU C1 . This term’s dependence on auxin concentration [IAA]i consists of two
components: production which saturates quadratically with rate controlled by κIAA , and
turnover which occurs linearly at a rate of ρIAA . The interplay of these components results
in initiation of CUC expression at moderate auxin concentrations and suppression of CUC
expression at higher concentrations (Figure 5.5, bottom panel). The interval ([IAA]a , [IAA]b )
in which auxin contributes to CUC expression (positive region in Figure 5.5) is specified by
selecting κIAA and ρIAA as follows:
κIAA = [IAA]a [IAA]b ,

(5.3)

and
ρIAA =

1
.
[IAA]a + [IAA]b

(5.4)

These identities follow from algebraic analysis of the first term of Eq. 5.2 to determine the
relation between κIAA , ρIAA and the zero crossings of this term 3 . Defining this interval
3

The detailed algebraic analysis underlying this observation is straightforward, but substantial in length,
and is thus omitted.
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directly provides convenient control over the spatial pattern of CUC expression, compared
to independent manipulation of the two parameters κIAA and ρIAA .
The final protein considered in the model is PIN1. In contrast to the model of Arabidopsis (Chapter 4), where the total number of PIN proteins in each cell is fixed, here their
concentration varies. This is necessary to account for KNOX dependent fluctuations in PIN
expression evident in experimental observations [7, 258]. Consistent with previous models
incorporating PIN production (see Chapter 3 and [10, 247]), it is assumed that production
and turnover of PIN proteins primarily affects [P INi ], the unallocated PIN in the cell, which
are known to be sorted for degradation following endocytosis [179]. Consequently, the change
in concentration of [P INi ] due to the production and turnover of PIN is modeled as:
d[P INi ]
dt

[IAA]2

OXi ]+γP IN
= ρP IN 1+[IAA]i 2 1+κP IN 1[KN
[P INT i ]+κP IN 2 [P INT i ]2
i
P
d[P IN ]
−µP IN [P INi ] − kj=0 dt ij ,

(5.5)

where the first term captures production of PIN (with a rate coefficient of ρP IN ), and the
second term accounts for turnover (with a rate of µP IN ). The final term captures changes
in unallocated PIN resulting from the exocytosis and endocytosis of PIN (Eqs. 5.7-5.9 below). According to the first term, PIN1 production depends on auxin [10, 176, 204, 247],
KNOX [258], and the total amount of PIN in the cell
[P INT i ] = [P INi ] +

X

[P INi→j ].

(5.6)

j

The rate of default PIN production is determined by γP IN . The saturation of production is a
quadratic function of [P INT i ] with rates of linear and quadratic terms determined by κP IN 1
and κP IN 2 respectively. The dependence on total PIN (as opposed to unallocated PIN) is
required for production to saturate even in highly polarized cells.
In the model of Arabidopsis margin development, PIN localizations were assumed to
change quickly compared to other processes when CUC was present, and not at all when
CUC was absent. In either case, PIN localizations were in steady-state compared to other
compounds. There was insufficient data, however, to support more detailed hypotheses
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regarding the effect of CUC on endocytosis. In contrast, observations of PIN1 in Cardamine
indicate that CUC and KNOX may alter the rate of endocytosis, which causes the time scale
over which polarization occurs in the model to also vary.
The amount of PIN at a cell membrane is assumed to change due to the complementary
processes of exocytosis and endocytosis (Section 2.2.1). Consequently, the concentration of
PIN in cell i on the membrane facing cell j changes according to the following equation
(Section 2.2.2):
dP INij
= αij P INi − δij P INij ,
dt

(5.7)

where αij is the membrane-dependent rate of exocytosis, and δij is the membrane-dependent
rate of endocytosis. Following previous observations and computational studies in other
species [10,22,113,204,247], which are consistent with observations of PIN localization in the
margin of Cardamine, PIN is assumed to be allocated up-the-gradient of auxin concentration.
To simulate up-the-gradient polarization I employ the equations proposed by Jonsson et
al. [113], which assume that αij is
αij = ρα [IAA]2j + σα .

(5.8)

The first term captures allocation of PIN due to auxin in the neighbouring cell j, and the
second term captures basal allocation of PIN with rate σα . Allocation is a quadratic function
of auxin concentration [IAA]j with a coefficient of proportionality ρa .
Experimental evidence suggests that the proportion of unallocated PIN1 in cells increases
with KNOX expression [258]. To account for this observation, endocytosis is assumed to
depend on the cellular concentration of KNOX. CUC proteins, which are also known to effect
PIN allocation [22], are likewise assumed to increase endocytosis. Consequently, endocytosis
is assumed to be linearly dependent on [KN OXi ] and [CU Ci ] with rates of βKN OX and
βCU C , respectively:
δij = βKN OX [KN OXi ] + βCU C [CU Ci ].
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(5.9)

The presumed upregulation of endocytosis by KNOX accounts for the increased apolar PIN
observed when KNOX is expressed strongly. Assuming that CUC also increases endocytosis
guarantees that as the expression of CUC and KNOX decreases, the rate of endocytosis will
slow. At very low levels of CUC and KNOX expression, endocytosis effectively ceases, leading
to irreversible allocation of PINs and the depletion of free PIN in the cell. This sequence of
events effectively fixes the polarity of the cell. This also provides a lower level explanation
of the assumption that PIN polarities become fixed in the absence of CUC2, as proposed
in the preceding chapter. Accordingly, it is presumed that the rate of basal deallocation is
negligible, as otherwise polarities may vary in the absence of CUC and KNOX.
Up-the-gradient models of polar auxin transport typically assume that PIN polarities
change on a faster time scale than the cellular concentration of auxin and protein synthesis [113, 247], permitting PIN polarities to be set to their steady state values (as was the
case in the models described in Chapters 3 and 4). However, in the proposed method the
timescale on which PIN polarities change relative to other processes varies continuously, from
much faster when KNOX and CUC concentrations are high, to much slower when these concentrations are low. Numerically, to efficiently handle this variation in the timescale of PIN
polarization relative to other processes, requires more advanced methods than the forward
Euler method (which is still used to update all other concentration values in the simulation).
Consequently, the time evolution of PIN polarities is simulated using a special purpose
method, which is presented for completeness in Appendix D.

5.4

Simulation of margin growth

Leaf development is simulated using a boundary propagation method, closely related to
the method described for Arabidopsis (Section 4.3.2). The representation of the margin
is extended to account for sub-cellular geometry using splines (Sec. 5.4.1). Leaf geometry
is updated iteratively, by dividing cells, and changing the positions Pi,j = (xi,j , yi,j ) of the
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midpoints of cell walls between adjacent cells to simulate growth (with the exception of the
walls at the leaf base). Growth is simulated using margin propagation, and is extended to
account for the secondary axes of growth coinciding with developing leaflets. Accordingly,
secondary axes are introduced at emerging convergence points (Sec. 5.4.2).
Margin propagation is the output of two processes: a local marginal displacement (Sec. 5.4.3),
controlled by the molecular state of cells, and a global displacement resulting from the expansion of the leaflets and rachis (Sec. 5.4.4). Growth is organized with respect to the main
axis, coinciding with the midvein of the leaf, and the secondary axes coinciding with the
midveins of developing leaflets. I assume that the growth of the main and secondary axes
is similar, leading to related forms for their respective growth functions. In the sections
presenting these functions the growth of the main stem is presented first, followed by the
modified function used for secondary axes. It is further assumed that growth differs between
the rachis and terminal leaflet blade, and the petiolule and lateral leaflet blades. These
differences are captured by the forms of the proposed growth functions.
Parameter values related to the simulation of cell divisions, the introduction of secondary
axes, and growth are provided in Tables 5.2 and 5.3.

5.4.1

Margin representation

In Cardamine, observations indicate that individual leaflets may arise from as few as two
cells [7, 258]. This scale of development can introduce large curvatures into individual cells.
Consequently, for rendering and simulating cell-division, a representation of sub-cellular
geometry is required (Fig. 5.6). To this end, the leaf margin is represented using CatmullRom splines [60, pp. 102-106], which smoothly interpolate cell wall positions.
A cell divides when its length lC (Fig. 5.6 B) exceeds a threshold T hlength . The cell
is then replaced by two daughter cells with the same molecular state as the parent. The
separating wall is placed at the midpoint of the curve connecting the parent’s cell walls
(blue disk). Biologically, the rates of cell division appear to increase at the sites of leaflet
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Figure 5.6: Representation of subcellular geometry using curved cells, following the initiation
(A) and the emergence (B) of a leaflet. Green regions belong to the leaf interior. Cell midlines
(black dotted lines) and walls (black solid lines) are shown for all cells. Dashed lines directly
connect cell-wall midpoints. In (B), the midpoints of the curved and straight midlines are
indicated for the second cell from the left. Cell length lC is indicated for the second cell from
the right, and corresponds to the length of the cyan curve segment.
initiation [7, 265], which is accounted for in the simulation by making T hlength dependent on
auxin concentration:
T hlength =

L
1 + LIAA [IAAi ]

,

(5.10)

where L and LIAA are constants.
5.4.2

Growth axes

In Arabidopsis, marginal displacement was superimposed on the background growth of the
leaf-blade, which was established when the leaf was initiated. Similarly, in the model of Cardamine, this displacement is superimposed on the background growth of the leaf. However,
the initiation of leaflets is presumed to overwrite the growth polarities established during
initiation, leading to the introduction of new axes of growth (Fig. 5.7).
New axes are only introduced at convergence points which form in KNOX expressing
regions, consistent with the morphogenetic role suggested for KNOX by biological observations [7, 258]. In these regions, a new axis α
~ is introduced at position Pi,j = (xi,j , yi,j ) if the
combined auxin concentration in adjoining cells (i.e. [IAA]i + [IAA]j ) exceeds the threshold
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Figure 5.7: Diagram illustrating the introduction of secondary axes of growth. (A) The
margin is initially associated with the main axis. (B) When a convergence point (red disk)
emerges, nearby tissue (region enclosed in the dashed line) is recruited to the corresponding
leaflet. (C) Growth polarity changes at the leaflet due to the introduction of a secondary
axis of growth. (D) The secondary axis α
~ has an origin Oα . The background growth of
points on the margin within the domain associated with the axis α
~ (e.g. the green disk) is
determined by their position in the coordinate frame (xα , yα ) associated with α
~.
T hleaf let 4 . Auxin is assumed to be internalized at this point leading to the establishment of
a leaflet mid-vein (consistent with biological observations [7, 10, 22, 176], and computational
simulations [10, 176]). I further assume that this leads to the local repolarization of growth.
For simplicity, the axis α
~ is assumed to take either a vertical or horizontal orientation
depending on whether it is, respectively, a terminal or lateral leaflet. The axis’ origin Oα =
(xO , yO ) is determined by traveling a small distance dα towards the main axis from P along α
~
(Fig. 5.7) 5 . Each cell is associated with a single axis, and cells that are near the axis tip when
it is introduced (within NCP = 1 cells) become associated with α
~ (Fig. 5.7B). This association
is passed by lineage, and determines the rate of background growth. The boundary between
cells associated with the new axis α
~ and preexisting axes is chosen so that it coincides with
the CUC expression marking the boundary of the leaflet. Observations indicate that this
expression encircles the leaflet base (Fig. 5.2 G,H), and it is assumed that this expression
represses growth and is responsible for the formation of a narrow leaflet base. Consequently,
4
5

This condition is similar to the one used in the model of leaf initiation in Brachypodium (Section 3.3.3).
Reiteration of axes is omitted in the current formulation, but considered in the next chapter
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cell walls abutting cells belonging to two different axes mark this boundary, and the rate of
background growth at these locations is zero.

5.4.3

Margin displacement

Margin displacement captures the local effects of molecular compounds on margin propagation. For a point Pi,j = (xi,j , yi,j ) associated with the main axis, the local displacement
velocity ~vij is calculated using a formula based on Eq. 4.6,




[CU Ci ]+[CU Cj ]
[IAA]i +[IAA]j
fCU C
~vi,j = gN fIAA
2
2


[KN OXi ]+[KN OXj ]
~ i,j ,
fKN OX
h(yi,j )N
2

(5.11)

~ i,j , the outward facing normal to the leaf
which generates a displacement in the direction of N
margin, at a rate controlled by gN . This formula accounts for growth activation by auxin
according to fIAA () (Eq. 4.7), growth inhibition by CUC according to fCU C () (Eq. 4.8), and
growth inhibition by KNOX according to fKN OX (which takes the same form as fCU C , but
employs different coefficients). The basipetal gradient of growth in the leaf is captured by
h() (Eq. 4.9).
The equation above does not, however, account for the time-dependent window of leaflet
growth. To account for spatial-temporal dependencies, the function h() takes a different form
for points which are associated with a secondary axis α
~ with origin Oα = (xO , yO ) (Fig. 5.7
D). For these points the function h() is replaced by hL (), which depends on simulation time
L
T
t and position Pi,j , and gN is replaced with gN
for lateral leaflets and gN
for the terminal

leaflet. The function hL () is
hL (Pi,j , t) = h(yO )hT (t)hα (yα ),

(5.12)

where hT () and hα () have the same form as h() with different coefficients. Each function
on the right hand side of the equation accounts for a different factor affecting the growth
of the leaflet: h(yO ) captures the basipetal restriction of growth along the main axis of the
leaf (i.e. the rachis), hT (t) captures the decrease in leaflet growth as time t increases, and
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hα (yα ) captures the basipetal restriction of leaflet growth (yα measures the projection of P
onto α
~ , Fig. 5.7 D).
Finally, following cell division, PIN polarities and auxin concentrations at the leaf margin
may quickly change. This leads to sudden changes in the displacement of cell-wall junctions,
which disrupts the continuity of the leaf margin. In reality, such discontinuities are likely
eliminated by the viscoplastic growth of cell walls [163], which causes cell-walls to deform
proportional to their strain (i.e. how stretched or compressed the cells are). Consequently,
cell wall midpoints are displaced in the direction that minimizes the stretch of cell-midlines.
This direction is
∆S (i) =

Pi−1 − 2Pi + Pi+1
,
4

(5.13)

which is the second finite difference centered at Pi 6 . The magnitude of this displacement
is proportional to the rate of margin displacement (Eq. 5.11), reflecting the dependence of
viscoplastic deformation on cellular growth.

5.4.4

Background expansion

The background growth of the main axis is specified by a RERG in the x direction (perpendicular to the main axis) and y direction (parallel to the main axis). These rates are
assumed to depend on the distance y from the leaf base, as well as KNOX (which is thought
to contribute to repression of laminar outgrowth [94]). The rate of growth in the x direction
is thus
RERGX (x, y, [KN OX]) = gX fKN OX ([KN OX])h(P )fY (y),

(5.14)

where the coefficient gX controls the rate of growth in the lateral direction, fKN OX and h(P )
are as in Eq. 5.11, and fY takes the same form as fIAA but depends on y and has different
coefficients. The composite form of h()fY () is similar to RERGX in Arabidopsis (Eq. 4.10),
but introduces a smooth transition between the region of inhibited lateral growth at the leaf
6

A complete derivation, demonstrating that the second finite difference corresponds to the direction
minimizing stretch, is provided in the following chapter in Section 6.4.2.
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base (the petiole) and distal portions of the leaf. Finally, the compound KNOX represses
lateral outgrowth (via the inclusion of fKN OX ()). In contrast, RERGY has a relatively
simple form
RERGY (x, y) = gY h(P ),

(5.15)

which has the same form as the function RERGY employed in Arabidopsis (Eq. 4.11). As
with RERGX , the coefficient gY controls the rate of growth along the axis.
The background growth of each secondary axis α
~ is similar to that of the main axis, but
specified in terms of a rate of growth parallel to the axis RERGY α and perpendicular to the
axis RERGXα . These RERGs take the following form:
RERGXα (x, y, [KN OX]) = gX fKN OX ([KN OX])hL (P, t)fY (yα ),

(5.16)

RERGY α (x, y) = gY hL (P, t),

(5.17)

which depends on yα , the distance from the axis origin along α
~ (as depicted in Fig. 5.7
D), instead of y, and use hL () in place of h(). To account for differences in the growth of
T
and gYT in the terminal leaflet and
terminal and lateral leaflets gX and gY are replaced by gX
L
and gYL in lateral leaflets. Additionally, in the terminal leaflet, fY is modified to omit
gX

the formation of a narrow stem, as this structure is already accounted for by the supporting
rachis.

5.4.5

Margin propagation rates

The rate of displacement of the wall (i, j) separating cells i and j, with position P , associated
with the main axis is
Z x

Z y

dP
=
RERGX (s, y, [KN OX])ds e~X +
RERGY (x, s)ds e~Y + ~vi,j ,
dt
0
0

(5.18)

where e~X and e~Y are unit vectors aligned with the x and y axis respectively. The first two
terms account for expansion of the main axis (Eqs. 5.14 and 5.15) and the final term accounts
for marginal displacement (Eq. 5.11).
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The leaflets attached to the main axis are displaced by its extension. This is simulated
for a given leaflet with axis α
~ by updating Oα = (xO , yO ), the origin of the growth axis,
using the following rate of displacement
dOα
=
dt

Z

yO


RERGY (xO , s)ds e~Y ,

(5.19)

0

which accounts for longitudinal growth of the main axis.
The rate of displacement of the wall (i, j) separating cells i and j, with position P ,
associated with axis α
~ depends on the displacement Oα and takes the following form
dP
dt

=

R xα
0



Ry
RERGXα (s, yα , [KN OX])ds eXα
~ + 0 α RERGY α (xα , s)ds e~Y α

(5.20)

α
+ ~vi,j ,
+ dO
dt

where eXα
~ and e~Y α are the unit vectors perpendicular and parallel to α
~ , respectively. The first
two terms account for leaflet growth, the third term captures the displacement of the subtending leaflet, and the fourth term the marginal displacement described by Equation 5.11.
If P falls on the boundary between two axes then it coincides with the collar of CUC encircling the leaflet base. Consequently, in this case the two terms displacing P along eXα
~
and e~Y α are omitted, to account for the inhibited growth of the CUC expressing domain
encircling the leaflet base.
The RERG functions defined by Equations 5.14-5.17 have similar forms to those used in
the model of Arabidopsis margin development. Consequently the integrals in Equations 5.18
and 5.20 have closed forms which can be inferred from those provided for Arabidopsis
(Eqs. 4.14-4.15).

5.5

Parameter values

As in previous chapters (see Sections. 3.3.3, 4.3.2), I have used dimensionless parameters
in simulations, consistent with the qualitative nature of this work. To ensure reproducibility,
parameters are reported in Tables 5.1- 5.3.
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The initial conditions used in the model are the same as in the Arabidopsis model (Section 4.3.2), but with KNOX expressed in place of CUC (Fig. 5.8 B). Simulations start with
the margin of a leaf primordium modeled as a sequential arrangement of 8 cells, with KNOX
expressed in each cell. These cells have a high concentration of auxin, with the exceptions
of first and last cells which act as auxin sinks to simulate low auxin concentration at the
boundary between the leaf and the SAM. The initially uniform KNOX expression permits the
state observed following leaf initiation (with KNOX eliminated from the distal zone, CUC
expression at the boundary of this zone and PIN1 proteins pointing to the auxin maximum,
Fig. 5.2 A and Fig. 5.3 A) to emerge automatically, instead of setting attributes of each cell
individually.

5.6

Results

The simulated developmental sequence of Cardamine hirsuta is shown in Fig. 5.8. The
earliest stage in the data observed in [258] (Fig. 5.2 A and Fig. 5.3 A) corresponds to
frame 27 of the simulation (Fig. 5.8 C). At this stage the terminal leaflet has already been
established, leading to the elimination of CUC and KNOX from the leaf tip. In the absence
of these compounds, the terminal leaflet widens to form a blade (D). In contrast, the rachis
expresses KNOX which inhibits lateral growth, leading to the formation of a narrow stalk.
Subsequent growth leads to the emergence of a pair of convergence points in the rachis
(E), each giving rise to a lateral leaflet (F), consistent with observations of early leaflet
development (Fig. 5.1 C). Additional maxima emerge in a basipetal order at the leaf base
(G-I), where growth is the fastest (similar to Arabidopsis). The simulated progression of leaf
maturation decreases leaflet growth over time, which results in a gradient of final leaflet sizes
(J). Additionally, the gradual basipetal restriction of PIN production and auxin biosynthesis
(T hC from Section 5.3) leads to the loss of competence to produce leaflets, producing a bare
stem beneath the three leaflet pairs.
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Figure 5.8: Simulation of Cardamine hisuta leaf margin development. (A) Cells are represented as curved rectangles. Auxin concentration is shown by the intensity of green in
the cell, CUC concentration by the width of the pink bar, and KNOX concentration by the
width of the yellow bar. PIN allocated to a cell wall is indicated by the width of the red
wedge, whereas unallocated PIN is indicated by the radius of the red circle in the centre of
the cell. (B) The initial state of the simulation. The axes directing the growth of leaflets
and the rachis are shown as red-lines connecting the axis origin and terminus. Axis origins
are depicted as red circles. (C-J) Selected stages from the simulation of Cardamina margin
development (frames 27, 57, 79, 142, 172, 238, 300, 345, 407, 441, 501, 520, 628, 761 and
903).
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Figure 5.9: The emergence of the second leaflet in the simulation ofCardamine hisuta leaf
margin development. The site of emergence is indicated by a white arrow. Red circles
indicate axis origins; lines the direction of the axes. Panels (A-F) are ordered sequentially
and depict events occuring between frames 142 (Fig. 5.8 F) and 172 (Fig. 5.8 G) of the
simulation. Details are provided in the text.
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Of key importance is the process of leaflet initiation, which is detailed in Fig. 5.9. In
the simulation this process is associated with a sequence of changes in the expression of
molecular compounds at the site of initiation in the rachis. Prior to leaflet initiation, CUC is
expressed adjacent to the preceding leaflet (which may be terminal or lateral, A). Over time
growth increases the number of cells at the rachis base, causing auxin to pool. This increases
PIN1 expression, leading to the initiating of a convergence point and proximal extension of
CUC expression to the site of the CP (B), consistent with observations of CUC expression
during leaflet initiation (Fig. 5.2 E-F). The up-the-gradient feedback between auxin and
PIN1 further increases auxin concentration, leading to downregulation of KNOX (C), and
eventually CUC (D and E) at the site of the convergence point. High auxin concentration at
the site of the convergence point is assumed to increase auxin influx to interior tissues, leading
to the introduction of a secondary growth axis (D). The increase in auxin concentration at
the CP establishes a broader auxin maximum that introduces CUC expression in the rachis
on the proximal side of the leaflet, as observed in experimental data (Fig. 5.2 E,F). As CUC
and KNOX expression is completely eliminated from the leaflet, it begins to grow out from
the rachis (E, F), which is again consistent with biological observations (Fig. 5.3 C-E).
The form of leaflets is bilaterally symmetric, with narrow bases that are the precursor to
petiolules. This can be contrasted with the form of serrations produced by the Arabidopsis
model, which are asymmetric and widen towards their base. Exploring the range of forms
produced by the model of Arabidopsis margin development indicates that it can generate
a variety of lobed forms (Fig. 5.10). This model cannot, however, produce clearly defined
leaflet bases, as the growth of each marginal protrusion with respect to the proximo-distal
axis of the leaf (i.e. along the midvein) broadens its base. In contrast, in the model of
Cardamine the introduction of lateral axes of growth overwrites the longitudinal extension
along the leaf’s midvein, creating leaflets with well defined petiolules.
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Figure 5.10: Lobed leaf forms produced by variants of the model of Arabidopsis margin development. In these models, the rate of margin propagation in response to auxin is increased,
leading to the development of more pronounced lobes.

5.7

Discussion

The simulation of Cardamine leaf development shows that the assumed interactions between auxin, PIN, CUC and KNOX in a growing leaf can reproduce many of the details
of the emergence of pattern and form observed in actual leaves. These details include the
spatio-temporal patterns of auxin concentrations and gene expression during leaflet initiation (Fig. 5.9), as well as the arrangement and forms of leaflets during early development
(as shown by Fig. 5.8). Further tests of the model’s fidelity will focus on reproducing the
development of functional mutants, where the expression of the proteins incorporated in the
model is perturbed.
There are, however, some aspects of Cardamine leaf development which have yet to be
explained by the model. This includes the molecular basis for the inhibition of growth in
the regions giving rise to the petiole and petiolules (as assumed in Eqs. 5.14 and 5.16).
In Cardamine, the nature of the molecular regulation of petiolules is unclear, but may be
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related to the recently discovered RCO genes, which inhibit growth and are expressed in
the bases of developing leaflets [265]. Also, following the emergence of a leaflet, additional
convergence points form in the leaflet blade, where ChCUC2 is not expressed [7]. This is
not captured by the current model and it is possible that the organization of these CPs
depends on the expression of a different CUC in the leaflet blade. Finally, the assumption
that auxin both promotes and represses CUC expression, as inferred from the data in [258],
is still somewhat exploratory and additional work is required to provide a firm molecular
basis for this assumption.

5.8

Conclusions

The work presented in this chapter builds on the model of marginal development presented
for Arabidopsis, and shows that the molecular module underlying serration development can
be extended to account for compound leaf development in Cardamine hirsuta. Together,
these models help elucidate the broader logic of leaf form development.
At the molecular level, CUC, auxin and PIN provide a spatial patterning module in
Cardamine that is activated by KNOX. CUC is required for the formation of convergence
points, and downregulation of CUC at convergence points fixes their position. Assuming that
CUC is required for endocytosis, as was done in the model of the Cardamine leaf, provides
a plausible lower-level explanation of this behavior. An interesting possibility is that CUC
doesn’t affect endocytosis directly, but acts instead via cytokinin, which is thought to increase
endocytosis [153].
The model designates a key role for KNOX in regulation of growth polarity, which the
simulations in this chapter indicate is a key distinction between simple and compound leaf
forms. Serrated and lobed forms can be generated by varying the rate of marginal outgrowth
without explicitly introducing an additional axis of growth (as shown in Chapter 4 and
Fig. 5.10), whereas a sharp transition of growth polarities and the establishment of new
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growth axes are necessary to obtain well-defined leaflets. In this context, CUC2 appears
to play an important morphogenetic role by marking the point of transition between these
two polarities with a collar of expression circling the leaflet base. By inhibiting growth in
this region, CUC2 sharpens the transition in growth polarities, and helps maintain a clearly
delineated leaflet base.
From a geometric perspective, the model indicates that leaf form emerges from an interplay of locally controlled growth rates combined with a lineage based specification of growth
polarities. Locally, growth is controlled by the spatial pattern of auxin maxima and CUC
expression which modulate growth rates along the margin. In contrast, KNOX permits
the hierarchical establishment of growth polarities, which are carried by lineage during leaf
growth. The interplay of these two processes underlies the geometric model of leaf form
development presented in the next chapter.
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Parameter name
Change in cellular auxin concentration
Rate of auxin biosynthesis
Target auxin concentration
Rate of auxin turnover
External auxin flux
Auxin flux
Efficiency of pin mediated transport
Diffusion rate
Change in KNOX expression
Rate of saturating KNOX production
Production saturation rate
Turnover rate
Auxin dependent turnover rate
Change in CUC expression
Rate of KNOX and auxin dependent production
Rate of KNOX and CUC dependent production
Saturation rate of auxin dependent production
Rate of KNOX and auxin dependent turnover
Turnover rate
Auxin dependent turnover rate
Change in PIN expression
Rate of auxin dependent production
Basal production
Saturation rate of production (linear dependence on PIN)
Saturation rate of production (quadratic dependence on PIN)
Turnover rate
PIN allocation
Rate of auxin dependent allocation
Basal allocation rate
PIN deallocation
Rate of KNOX dependent deallocation
Rate of CUC dependent deallocation
Window of competence
Threshold distance for competence
Temporal window over which competence is removed

Equation
4.1

Symbol

Value

σ
H
µ
Φext

0.45
16.5
0.005
0

T
D

2.6
2.0

ρKN OX
κKN OX
νKN OX
νIAA

0.00781
0.1
0.000938
0.000625

ρCU C1
ρCU C2
ρIAA
κIAA
µCU C
µIAA

0.188
0.0188
130.0
0.0377
0.000625
0.0002

ρP IN
γP IN
κP IN 1
κP IN 2
µP IN

0.00325
30.0
30.0
20.0
0.000325

ρα
σα

10.0
0.0

βKN OX
βCU C

20.0
0.1

T hC
[tS , tE ]

200
[550, 700]

4.2

5.1

5.2

5.5

5.8

5.9

Table 5.1: Parameter values related to the simulation of molecular processes
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Parameter name
Normal growth coefficient
Normal growth coefficient in lateral
leaflets
Normal growth coefficient in the terminal
leaflet
Auxin dependent margin displacement
fIAA ()
Minimum value of fIAA
Maximum value of fIAA
Range of margin displacement rate sensitivity to auxin concentration
CUC dependent growth inhibition fCU C ()
Minimum value of fCU C
Maximum value of fCU C
Range of margin displacement rate sensitivity to KNOX concentration
KNOX dependent growth inhibition
fKN OX ()
Minimum value of fKN OX
Maximum value of fKN OX
Range of margin displacement rate sensitivity to KNOX concentration
Dependence of margin displacement on
distance from the leaf base h()
Maximum margin displacement rate
Longitudinal extent of margin displacement
Dependence of margin displacement on
time hT ()
Maximum margin displacement rate
Maximum duration of margin displacement
Dependence of margin displacement on
distance from the leaflet base hα ()
Maximum margin displacement rate
Longitudinal extent of margin displacement

Equation
5.11
5.11

Symbol
gN
L
gN

Value
0.5
1.0

5.11

T
gN

0.5

amin
amax
([IAA]min , [IAA]max )

0.5
40
(10,60)

bmin
bmax
([CU C]min , [CU C]max )

0
1.0
(0,0.1)

kmin
kmax
([KN OX]min , [KN OX]max )

0
1.0
(0,0.01)

hmax
yh

0.225
200

hT max
yT

1.0
1000

hαmax
yαh

1.0
400

5.11

5.11

5.11

5.11

5.12

5.12

Table 5.2: Parameter values related to margin displacement.
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Parameter name
RERGx growth coefficient
RERGx growth coefficient in lateral
leaflets
RERGx growth coefficient in the terminal
leaflet
RERGy growth coefficient
RERGy growth coefficient in lateral
leaflets
RERGy growth coefficient in the terminal
leaflet
Dependence of lateral leaf growth on distance from the leaflet base fY ()
Minimum value of fY
Maximum value of fY
Range of leaflet lateral growth sensitivity
to the distance from the leaf base
Default length for cell division
Auxin dependent decrease in division
length
Threshold auxin concentration for leaflet
initiation
Distance from convergence point to axis
origin

Equation
5.16
5.16

Symbol
gX
L
gX

Value
1.0
2.5

5.16

T
gX

1.0

5.17
5.17

gY
gYL

0.3
0.2

5.17

gYT

0.4

Ymin
Ymax
(ymin , ymax )

0
1.0
(100,130)

L
LIAA

50
0.0125

T hleaf let

25

dα

25

5.16

5.10
5.10

Table 5.3: Parameter values related to background expansion, cell division and the introduction of new axes of growth.
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Chapter 6
A geometric model of leaf form development
In the preceding chapters I examined the molecular underpinnings of the processes that dynamically direct growth and control leaf form in the context of several representative case
studies. These studies elucidate the molecular nature of the positioning of marginal protrusions in plants with simple (Arabidopsis, Chapter 4) and compound (Cardamine, Chapter 5)
leaves, as well as the patterning of vasculature (Brachypodium, Chapter 3) 1 . At the same
time, these studies are tightly related to the molecular specifics of particular plants. This
leaves open the question of how the patterning of marginal protrusions and veins interacts
with leaf maturation and the viscoplastic growth of the leaf blade to generate leaf form in a
wide range of plants.
Here, I address this question by presenting a general framework to model diverse leaf
forms and examine the developmental basis of their diversity. To transcend the genetic
details underlying this diversity, the framework employs a geometric model of leaf form
development. Geometric models are useful in this context as they allow the emergence of
global form to be crisply linked to the spatio-temporal relations between elements [200].
Nevertheless, the geometric implementation of each component of the framework can be
directly linked to molecular details, allowing the models’ geometric assumptions to be linked
to biological hypotheses. This provides a biological basis to the parameter space explorations
I perform using the proposed framework.
This framework represents leaf-form development as the output of three interacting modules that correspond to the leaf margin, vasculature, and interleaving blade (Fig. 6.1 A), and
accounts for their interactions due to patterning and growth. The models presented in pre1

Although the model presented in Chapter 3 simulates vascular patterning in the stem, the processes
underlying vascular patterning in the leaf appear to be similar.
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B

A

Margin

Lamina

Veins

Figure 6.1: Hypothetical interactions between the margin, lamina and vasculature during
leaf form development (A) and a computational representation of these three modules (B).
(A) During leaf form development the interactions of the three tissues direct patterning
(blue arrows) and growth (red arrows). The margin regulates its own patterning, and is
deformed based on the resulting patterns and the extension of veins. The patterning of
veins is initiated by the margin, and veins subsequently grow without consideration for the
lamina or margin. The formation of higher-order veins that are not initiated at the margin
is ignored, and the lamina does not play a role in the patterning or growth of other tissues.
Instead it deforms passively with the veins and margin, which thus determine its growth.
(B) The three modules employ different representations. The margin (blue) is specified by
a curve (sequence of points), the vasculature by a 2D branching structure (black) and the
lamina by a 2D mesh (orange).

155

ceding chapters indicate that the margin plays an important role in patterning leaf form.
Consistent with this role, the margin is assumed to regulate the patterning of marginal protrusions and veins. The expression of compounds at the leaf margin is represented by closed
intervals. These compounds are assumed to locally modulate growth rates, and veins are
assumed to define directions of growth in the leaf blade. The growth of the lamina is determined by assuming that growth varies smoothly between the margin and veins. I will show
that by changing the number and properties of compounds expressed along the margin, and
the parameters controlling growth, it is possible to generate a wide variety of leaf forms.
In the remainder of this chapter I first explain the proposed method using an example
model inspired by leaf margin development in Arabidopsis (Sec. 6.1). In the subsequent
sections I provide mathematical details of the method (Sec. 6.2-6.6), before exploring the
range of forms it can produce (Sec. 6.7).

6.1

Method overview: Leaf development as the output of three
interacting modules

The modules representing the leaf margin, vasculature, and lamina are implemented as three
distinct, but interacting dynamical systems with dynamical structure (Fig. 6.1 ). The structure and development of each module lends itself to a particular geometric and topological
representation (Fig. 6.1 B). The leaf margin is represented using a sequence of points forming a 2D contour. The vasculature is assumed to be open and thus, by definition, forms
a branching structure. Both of these sub-systems are well-suited to implementation as Lsystems (c.f. [197, 200]), which represent the leaf margin and vasculature as strings that are
rewritten in parallel to simulate development.
Finally, the leaf lamina is represented as a triangle mesh. This mesh is bounded by
the margin, with some vertices constrained to lie on the margin or veins and is passively
deformed by the growth of the leaf margin and vasculature. The mesh is dynamically refined
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to accommodate the introduction of new veins and points on the leaf margin. Unlike the leaf
margin and vasculature, the mesh is implemented as a VV-system [244] (an imperative datastructure). This discrepancy arises from the difficulty in formulating mesh-based operations
as parallel graph rewriting systems [244]. Systems for modeling growing polygon meshes
typically employ data-structures that locally specify the mesh and support local, sequential
modification of its structure (such as graph-rotation [244], or half-edge [46] data-structures).
The state of each dynamical system changes over time due to self-modification and interactions with the other two systems. These changes can be categorized as those occurring
through growth (changes in the geometric attributes of components), topological modification (changes in the number and configuration of components) or patterning (changes in
the non-geometric state of components), and are described in the caption for Fig. 6.1. The
proposed method operates by simulating three processes in an iterative loop: growth and
maturation of the leaf blade, the initiation of marginal protrusions, and the introduction of
veins.
An example leaf model simulation, created using the proposed method, is given in Fig. 6.2.
The expression domains of a single compound are recorded along the margin (red intervals)
and updated as the leaf develops. Thus, each point on the margin is in one of two states,
indicating whether it does or does not express the compound. The state of the margin
affects aspects of patterning, such as competence to produce convergence points (CPs),
their spacing, and the rate of margin growth. In this example, the red compound permits
the introduction of additional convergence points, consistent with the properties of CUC2
presented in Chapter 4.

6.1.1

Initial state

The initial state of the simulation is depicted in Fig. 6.2 A, and corresponds to a leaf just
after initiation. A single CP is present at the tip of the leaf (blue disk), and a single vein
(black line) connects the CP to the leaf base.
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Figure 6.2: Leaf form development when a single CUC-like compound is expressed on the
leaf margin. Panels (A-G) are described in the main text. In (H), the calculation of vascular
distance is shown. A point on the margin (yellow disk), is projected onto its associated vein
(along the red arrow). The vascular distance to the leaf base is calculated by summing the
length of the veins connecting the projected position to the leaf base (i.e. the lengths of the
blue lines).
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6.1.2

Patterning

In the model, I assume that convergence points emerge when sufficient space becomes available in competent regions of the leaf margin (i.e. according to Hofmeister’s rule [102]). This
geometric model of patterning represents CPs as 2D points, and CUC2 expressing regions
as closed one-dimensional intervals along the margin. As the leaf extends in the direction
of the mid-vein (Fig. 6.2 A, black arrow), the length of the red intervals increases (B).
When the distance of a point in a red interval of the margin to both the interval boundaries
exceeds a threshold distance T HCP (the threshold distance for CP formation), a new convergence point is introduced at this position (C), and expression of CUC is removed from
portions of the margin closer than dext to the CP (D). Expression near the newly introduced
CP mirrors that seen in (A) for the initial convergence point. In general, patterning and
growth of the margin may involve several compounds (as suggested by biological observations [7, 18, 22, 91, 93, 183, 234, 265]), which play different morphogenetic roles, and whose
expression is modified by the addition of CPs. This extension is discussed in more detail in
Section 6.2.
As each convergence point is added, a vascular strand is introduced connecting the point
to a pre-existing vein (Section 6.3). For instance, in Fig. 6.2 (D), two secondary veins
connected to the mid-vein are produced. The course of each strand is determined using a
geometric procedure inspired by the molecular level model of polar auxin transport presented
in Chapter 3. The portions of the margin falling within the threshold distance daxes of the
CP point are associated with the new veins (E, light green regions).

6.1.3

Growth

The model divides growth into two processes (Section 6.4). The first process captures the
longitudinal extension of veins, which is assumed to carry nearby portions of the margin
with them (Section 6.4.1). This is seen in the example in Fig. 6.2, where the introduction

159

of new veins (D, black lines) changes the growth pattern of the leaf margin (E; the leaf will
expand locally in the direction of the lateral black arrows). The second process approximates
the deformation of the margin that occurs as a consequence of the polar growth of veins
(Section 6.4.2). Here, a deformation of the margin is obtained by simultaneously minimizing
stretching and bending of the margin curve, causing a broader leaf blade to form (F). The
rates at which stretching and bending are minimized is locally varied based on the expression
of compounds.
As the leaf grows, a mesh approximating the leaf lamina is maintained. The mesh spans
the regions between the veins and the margin, and is constrained to follow the growth of
these tissues (Fig. 6.2 G; the edges of the mesh in the region bounded by the midvein and
right secondary vein are shown in orange). The topology and geometry of the mesh are
dynamically modified to smoothly distribute the growth of the veins and margin across the
interleaving lamina (Section 6.5). In this way growth is extrapolated from the margin to the
entire leaf blade.
Over many iterations of the simulation, the interplay between growth and patterning,
outlined above, leads to the emergence of a mature leaf form (Fig. 6.2. H). Interestingly,
we can observe that although the overall shape of the leaf is simple, the pattern of growth
polarities arising from the iterative introduction of CPs, veins and the corresponding modulation of marginal growth rates is almost fractal in its complexity. A further contribution of
the CUC-like compound to leaf form is highlighted by (I), where compared to (H) the rate
of margin propagation has been reduced in regions expressing the red compound, leading to
the introduction of indentations along the margin.

6.2

A combinatorial model of the leaf margin

Previous work has highlighted the combinatorial effects of the hormone auxin and several
gene families on leaf form, including the KNOX [7, 93, 183, 234], CUC [18, 22, 175, 278], and
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PIN [7, 22, 91, 279] families, as well as the more recently identified RCO family [237, 265].
The interaction of these genes during leaf development is reminiscent of the ABC model of
floral development [38]. In this model, the combinatorial expression of three genes (referred
to abstractly as A, B and C) causes their morphological output to be varied based on the
subset of genes that are expressed at the location where an organ is initiated (i.e. sepals
(A), petals (AB), stamens (BC) and carpels (C)). In the case of leaves, the combinatorial
expression of genes and hormones does not produce distinct organs, but instead leads to the
initiation and delimitation of marginal features of various forms and sizes (i.e. serrations,
lobes and leaflets). The model determines the morphogenetic parameters of each portion of
the margin based on the set of compounds expressed there (i.e. combinatorially). The molecular state of the margin represents PIN convergence points, as well as the expression of other
morphogenetically significant genes and hormone activity (e.g. auxin and cytokinin) along
this contour. In the remainder of this section, the method is presented using the vocabulary
of metric geometry [30]. This branch of mathematics emphasizes the structure and measurement of lengths, and is well suited to describing the proposed geometric implementation of
leaf margin patterning.
An additional factor affecting the molecular state of the margin is the spatio-temporal
window of competence related to leaf maturity and the expression of TCP genes in the leaf
blade [55,234]. In contrast to the spacing of convergence points, which depends on distances
along the margin, the extent of this window of competence seems to be dependent on distance
from the leaf base [55, 131]. In Arabidopsis, this distance appears to be measured along the
proximal-distal axis of the leaf, which is aligned with the mid-vein of the leaf. Extending
this idea to leaves of more complex structure, in the geometric model of leaf morphogenesis
the vascular distance to the leaf base is introduced. This distance measures the length of
the path to the leaf base along the veins of the leaf, as shown in Fig. 6.2 H and discussed
further below.
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Convergence point
No expression
Compound 1
Compound 1 & 2
V(s)
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l(0)
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Figure 6.3: A simulated leaf form with up to two compounds expressed along the leaf margin,
illustrating concepts discussed in the formal specification of the geometric model of leaf form
development. The red compound marks the sinuses between serrations. Expression of the
blue compound occurs in a subdomain of the red compound and marks the indentations
between lobes.
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6.2.1

Formal specification

Leaf margin
The leaf margin is a 2D space curve l(u), defined as the mapping l(u) : [0, 1] → R2 (Fig. 6.3,
black curve at the leaf’s boundary; the start, l(0), and end, l(1), of the curve are indicated).
The location of convergence points (yellow circles) and the expression domains of morphogenetically significant compounds (i.e. the red and blue intervals along l(u)) are tied to their
corresponding material points on the margin, and are identified using parameter values of l.
Growth expands the expression domains and alters the metric relations between elements.
For computational purposes, the contour is represented by the poly-line defined by the
set of points M = {p0 , p1 , · · · , pnP }, generated by an L-system using the affine-geometrybased interpretation described in [201]. The curve is dynamically resampled to maintain a
relatively even spacing between points, although representing only a small number of salient
points on the margin suffices to generate many leaf forms (discussed further in Section 6.7).
Expression intervals and convergence points
In the model, morphogenesis of the leaf margin is controlled by convergence points and the
compounds expressed along the margin. Formally, convergence points are identified based
on their position in the parameter domain. Thus, the set of convergence points is identified
by the set PCP ⊂ [0, 1], where each s ∈ PCP is the parameter value for a convergence point.
A single compound is used in Fig.6.2, but in general an arbitrary number of compounds
may contribute to leaf form development. When nC compounds are assumed to contribute
to morphogenesis, the marginal expression domain of each compound is recorded at each
position along the margin using a boolean value for each compound (true = present, false =
absent). The expression domain of compound A ∈ A = {A1 , · · · , AnC } is denoted CA , and
is a closed subset of the domain of l(u) (i.e. CA ⊆ [0, 1]). In Fig. 6.3 an example with 2
compounds is shown.
The region where no compounds are expressed is denoted C∅ . Mathematically, C∅ is the
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open set formed as the complement of the expression domains CAi
C∅ = [0, 1] \

[

CAi .

(6.1)

Ai

The set of convergence points PCP is a subset of C∅ , as convergence points are assumed to
locally eliminate the expression of compounds (this is discussed in detail in a later section).
As the expression domains CA and convergence points PCP are specified in the parameter
domain, their geometric embedding in 2D is obtained by applying l() (i.e. by evaluating
l(CA ) and l(PCP ) respectively).
Morphogenesis depends on the molecular state of the margin, determined by the set of
compounds expressed at each point. At a given position along the margin l(u), u ∈ [0, 1], the
molecular state of the margin m(u) is a mapping from the parameter value u to the power
set of A: P(A) = {S|S ⊂ A}. Consequently m(u) : [0, 1] → P(A) has the form
m(u) = {Ai ∈ A|u ∈ Ai },

(6.2)

and maps the value u to the set of compounds expressed at u (the function m(u) returns
∅ (the empty set) when u ∈ C∅ ) . At each l(u) the parameter values controlling margin
outgrowth (Section. 6.4.2) and patterning (discussed in the following sections) depend on
m(u). Consequently, a set of parameters must be provided for each value of m(u). In
general, 2nC combinations of the nC compounds are possible. In the examples considered in
this thesis, however, I assume that CA+1 ⊆ CA (as is the case in Fig. 6.3, where C2 ⊂ C1 )
which reduces this number to nC + 1.
Marginal distances: the margin metric
Distances along the margin determine the locations where convergence points are introduced,
and how nearby expression domains are adjusted following this introduction. At the same
time, the expression of compounds is assumed to affect the measurement of distance along
the margin. This assumption is consistent with observations that some compounds (for
example, CUC [22] and KNOX [91]) control the number or spacing of marginal outgrowths.
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Figure 6.4: Diagram illustrating the computation of the marginal distance DM . To compute
DM the weighted arc-length is integrated between l(a) (yellow disk) and l(b) (cyan disk). The
margin has two molecular states, denoted by the red curve segments (with state m1 ), and
blue curve segments (with state m2 ). The arc-length is scaled by km1 in red regions, and km2
in blue regions. Thus, the distance DM (a, b) can be calculated by summing the arc-length
of each interval (denoted by Li for the ith interval between l(a) and l(b)), weighted by the
corresponding metric scaling factor for the interval.
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Mathematically, we can think of the margin as a metric space, where the metric locally
depends on the molecular state of the margin m(u) (formally, the resulting metric induces a
length space on l [30]). Specifically, the marginal distance between a and b is (Fig. 6.4):
Z b
km(u) ||lu (u)||du,
(6.3)
DM (a, b) =
a

which is a weighted arc-length integral. In the equation, the weighting is determined by the
metric scaling factor km(u) , which depends on the molecular state of the margin m(u) (the
metric scaling factors are parameters of the framework).
Leaf venation
Leaf venation is represented by a set of 2D space curves V = {V1 (s), V2 (s), · · · , VnV (s) },
which form a branching structure, rooted at position PV (Fig. 6.3). In the model, the
extension of veins in the leaf blade is assumed to direct the growth of the margin (described
in Section 6.4.1). Additionally, the competence of a region to produce convergence points is
determined based on its distance from the base of the leaf, as measured along the vasculature.
In both cases, it is necessary to have a correspondence between points on the margin and the
veins in the leaf blade. This correspondence is provided by the function V M AP : [0, 1] →
V, which associates parameter values of l(u) with the veins of the leaf. At the start of
simulations, the mapping V M AP (u) is initialized to map all points to the midvein, but is
updated as new veins are introduced (as discussed in a following section).
For simplicity, in the current implementation it is assumed that each vein segment V (s)
is a straight line segment, yielding the following parametric representation
~ kDk
~ = 1, s ∈ [0, sV ]
V (s) = Q + sD,

(6.4)

~ is the direction of the vein, and sV is the
where Q is the most basal point of the segment, D
length of the segment (Fig. 6.3, cyan line).
The vascular network V is implemented as a sequence of internodes in a L-system string,
where each internode stores its length. The location of branches is recorded using the
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standard bracketed L-system notation [197].
Vascular distances: the interior metric
There are two spatio-temporal windows that contribute to leaf development. The first restricts the competence to produce convergence points, and is discussed in the following
section. The second restricts the growth of the leaf blade, and is discussed in section 6.4.1.
In the model, both are specified in terms of distance from the leaf base, as measured along
the veins of the leaf. In different settings it is necessary to compute vascular distances
for both points on the margin and points on the vasculature itself. Strictly speaking, this
distance is only defined for points on the vasculature; consequently, points on the margin
are first projected onto their associated vascular segment (using V M AP (P )) before their
distance is computed 2 . For a point P on the vasculature, the vascular distance to the base
DV (P ) is the length of the simple path connecting P to the root PV along the vasculature
(Fig. 6.3, the black patch connecting P and PV ). To compute DV (P ), it suffices to start at
P and repeatedly move along each axis to the point where it connects to its parent while
accumulating vein lengths. This process terminates when the root PV is reached.
Introducing convergence points and updating expression
Biologically, several factors constrain the locations at which convergence points emerge.
First, only a portion of the leaf margin is competent to pattern convergence points [7, 22,55,
93, 175, 234]. Second, within this portion of the leaf margin convergence points do not form
near pre-existing convergence points [22, 35, 107] or non-competent regions [107]. Geometrically, these factors are accounted for by assuming that convergence points are introduced
in competent regions of the leaf margin whenever sufficient space is available (similar to
Hofmeister’s rule [102]). To formalize this notion I use the function P S : [0, 1] → R, which
measures the marginal distance DM from the parameter value of a given point on the margin
2

Formally, the vascular distance is a distance when restricted to the vasculature, but is a psuedo-distance
when extended to the leaf margin.
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Figure 6.5: Convergence point formation in the geometric model. The model in the example
employs 2 compounds (blue and red intervals). Only regions expressing the red compound
alone (i.e. no blue) are competent to produce convergence points. When a convergence point
is introduced (D, yellow disk) near the CP the red compound is eliminated, and the blue
compound is introduced (F). Additionally, a new vascular strand is identified (G, dotted
yellow line), and a portion of the margin is associated with the strand (the region between,
and including, the two orange intervals). Additional details are provided in the text.
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l(p) to the nearest convergence point or non-competent region of the margin (Fig. 6.5 B;
P S(p) is visualized for the point marked by the white circle on the margin). Thus, P S(p)
measures the amount of Patternable Space at parameter p and has the form
P S(p) =

min

u∈PCP ∪N C

{DM (p, u)},

(6.5)

where PCP is the set of convergence points, and N C contains the regions of the margin which
are not competent to produce convergence points. Inclusion of a parameter value p in N C
depends on two factors. The first factor is m(p), the molecular state of p, as biologically,
competence depends on the expression of compounds such as CUC [22,175] or KNOX [7,93]
at the leaf margin. The second factor is DV (l(p)), the vascular distance to the leaf base,
as leaf maturation limits the competence to produce convergence points to regions near the
base of the leaf [55, 234]. Thus
N C = {u ∈ [0, 1]|m(u) = M, DV (l(p)) ≥ T HPM },

(6.6)

where T HPM is the distance from the base at which regions of the margin with molecular
state M lose competence (states which are not competent to produce CPs have T HPM = 0).
The value of T HPM can be decreased linearly over time to simulate the loss of compentence
associated with leaf maturation.
Given the preliminaries above, a convergence point is introduced at the point l(p) with
M
M
molecular state M = m(p) if P S(p) > T HCP
, where T HCP
is the threshold distance for

convergence point formation in regions with molecular state M (Fig. 6.5 C, orange interval).
When a convergence point is introduced (D, yellow circle) the expression domain CA of each
compound A near p is modified (E), extinguishing it for distances less than dA
ext from the
CP (similar to CUC in the model of Arabidopsis), and optionally introducing expression
A
for distances in the interval [dA
ext , dint ] (similar to CUC in the model of Cardamine). The
A
distances dA
ext (E, cyan lines) and dint (E, orange lines) are measured using DA (r, s), which

returns the arc-length between l(r) and l(s). Consequently, the changes in the expression of
169

compounds following the introduction of a CP are symmetric with respect to the position
of the CP. This symmetry is consistent with biological observations of convergence point
formation at the leaf margin [7, 22, 93, 258].
Once a CP is added at parameter p, and the expression of compounds has been updated,
a vein V is added connecting the CP to pre-existing veins in the leaf (F, yellow dashed line;
this process is described in detail in the Sec. 6.3). The mapping V M AP associating the
margin with the veins of the leaf is then updated so that points near the CP (less than
daxis ) are associated with V (G, indicated by the cyan line). Specifically, V M AP (u) := V
for all u ∈ B A [p, daxis ]. The extension of veins deforms the leaf margin based on V M AP .
As this mapping only associates marginal points with a single vein, the growth rate can
change abruptly at the boundary of regions associated with different veins. Consequently,
points l(u) on the margin with daxis ≥ DA (u, p) ≥ dboundary , are marked as boundary points
and indicate the boundary between regions associated with V and those associated with
other veins (G, orange intervals). Boundary points are handled as a special case during the
extension of veins (described in Section 6.4.1). This is biologically motivated by experimental
observations which indicate that growth repression is often evident at these sites [7,258,265].
Asymmetric leaves and the influence of the SAM
Recent experimental work suggests that the state of the shoot apical meristem impacts the
placement of convergence points in the leaf [35, 107], and that the formation of CPs in each
leaf is influenced by the proximity of neighboring leaves. To incorporate this influence, the
proximity of convergence points in the SAM to the base of the left and right sides of the
leaf base is specified by the values dl and dr respectively. These values modify the amount
of patternable space P S() available at a given parameter value, and are incorporated by
adding dr and dl to the distances DM (a, b) used to calculate P S(). In particular, when P S()
is evaluated dr is added to DM (a, b) when a = 0 and dl when b = 1. In the symmetric case,
when dl = dr , varying dl and dr changes the fixed distance from the leaf base that convergence
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points form (as suggested by observations of E. californica leaf development [107]). In
contrast, asymmetric values (dl 6= dr ) shift the position of convergence points on the left vs
right sides of the leaf producing staggered protrusions, thus accounting for the asymmetric
influence of nearby primordia on the SAM (as observed in tomato by Chitwood et al. [35]).

6.3

Introducing veins

In Appendix B, a connection is developed between vascular patterning and geodesics, which
provides the biological motivation for the geometric model of vein patterning presented
here. There, I explored the parallels between Crane et al.’s [44] recently proposed method
for computing geodesic distances and the roles of the three PIN proteins in the model of
vascular patterning in Brachypodium (Chapter 3). Guided by this analogy, I assume that
following the introduction of a convergence point a new vein forms, which efficiently (i.e.
geodesically) connects the convergence point to the existing auxin sinks. As it is unclear
how to generalize this observation to closed venation patterns, in part because the molecular
basis for these patterns is unclear [200, 219], I consider only the case where veins form an
open or branching pattern.
In the literature there already exist several geometric models of branching pattern formation. At their heart, they operate by producing a branching structure that efficiently spans
a point set [80, 146, 174, 209, 218, 267, 273]. These methods differ, however, in the manner
in which an efficient network is produced. Some rely explicitly on global path planning algorithms [146, 273]. In contrast, the method proposed by Gottlieb [80] connects new points
to pre-existing branches individually, along the line of least length. Other approaches assume some directionality in the process of branch formation, with branches either extending
towards the set of points and bifurcating, or branches extending from the points and anastomosing. In the first case, veins extend towards the point-set by choosing an optimal direction
(either minimizing the distances to all nearby points [218] or the distance to the centroid of
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all nearby points [267]). In the second case, paths are formed by iteratively moving points
towards their neighbors, while also moving towards a pre-defined root [209] or pre-existing
branches [174].
Of the preceding methods, only the methods proposed by Gottlieb [80], Rodkaew [209]
and Runions [218] were explicitly developed to model vascular development, and thus can
be crisply related to polar auxin transport (as discussed in 2.3.3). None of the methods,
however, account for differences in the efficiency of polar auxin transport between vascular
and non-vascular tissues as is posited by the canalization hypothesis [221], and evident in
computational models of vascular development [63, 165, 176, 212]. In the method of Crane et
al. [44], geodesics are identified using a diffusing substance by finding the path of minimum
transit time between a source and sink. Geometrically, differences in the efficiency of polar auxin transport presumably influence the transit time of auxin through the blade, and
consequently the location of the quickest (i.e. geodesic) path. Consequently, in the method
I propose, auxin is assumed to move at different rates (km in the mesophyll and kv in the
vasculature, with kv ≥ km ) and veins form so as to minimize the total transit time of the
auxin produced at a convergence point.
Accordingly, following the introduction of a convergence point at position P on the margin
a corresponding vein is introduced, connecting this point to the pre-established veins in the
leaf blade. Due to the 2D nature of leaf venation patterns, it is assumed that the incipient
vein must connect to one of the vascular segments enclosing P in the leaf blade (Fig. 6.6 A).
Let us consider one such vein segment V (s) (as defined by Eq. 6.4). In this case (Fig. 6.6
B), the quickest path from the convergence point P to the base of a vein Q is a piece-wise
linear path which connects P to V (s) at the position
B = min {km kP − V (s)k + kv kV (s) − Qk},

(6.7)

s∈[0,sV ]

which minimizes the total transit time by minimizing the sum of the time spent in the
mesophyll (term one) and that spent in the vein (term two). The value of B can be found
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Figure 6.6: The geometric method for introducing veins. (A) A portion of a leaf lamina
enclosed by three veins and the leaf margin (boundary shown in green). The newly added
CP (yellow disk) is surrounded by three veins. The fastest path out of the region originating
at the CP is indicated by a black line, the fastest paths to the remaining vein segments are
shown as dashed lines. (B) The optimal branching point position B (blue disk) is determined
by the branching angle θ which minimizes the sum of the distances between km kP − Bk and
kv kQ − Bk, where P (yellow disk) is the position of the convergence point and Q (green
disk) the vein base. When kv = 0, the vein takes the shortest Euclidean path to the vein
(meeting it at a right angle). When km ≥ kv the vein attaches directly to the vein base Q.
The angle between the vein and the outward oriented normal (green arrow) of the margin
θM is used to preclude veins that make a shallow angle with the margin.
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by minimizing the total transit time
E(s) = km kV (s) − P k + kv kV (s) − Qk.
The function E(s) is minimized when

dE(s)
ds

(6.8)

= 0. Prior to taking the derivative let us first

substitute Equation 6.4 (the parametric equation for a vein) into E(s) :
~ − P k + kv kQ + sD
~ − Qk = km ksD
~ − (P − Q)k + kv ksDk
~
E(s) = km kQ + sD
~ − (P − Q)k + kv skDk
~ = km ksD
~ − (P − Q)k + kv s
= km ksD
Thus, it follows that

and setting

dE(s)
ds

~ · (sD
~ − (P − Q))
dE(s)
km D
+ kv ,
=
~ − (P − Q)k
ds
ksD

(6.9)

= 0, we can see that
~ · ((P − Q) − sD)
~
D
kv
=
= cos(θ),
~
km
k(P − Q) − sDk

where θ is the angle the forming vein makes with V (s) (Fig. 6.6 B). Consequently, the ratio
kv /km determines the branching angle when auxin follows the quickest path, provided that
s ∈ [0, sv ] (where sv is the length of the vascular segment), otherwise B resides on the
boundary of this interval. The quickest path out of the portion of the lamina enclosing P is
found by identifying the position B for each vascular segment V and choosing the position
which minimizes E(s) (Fig. 6.6A).
This geometric characterization of vascular paths is analogous to the refraction of light
according to Snell’s law. This law describes the angle a path of light makes with the interface
between two mediums in which light propagates at different rates, and, like the preceding
discussion, can be derived by finding the quickest path. In the case of vascular development,
the interface between the mesophyll and the vasculature corresponds to the interface between
the two media. The impact of varying kv while keeping km constant is illustrated in Fig. 6.7.
In our case, the path is required to meet one additional constraint unrelated to the
total transit time of auxin. This constraint is related to the observation that open vascular
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Figure 6.7: Vascular patterns generated by extending Gottlieb’s method to account for
transit time. The speed of auxin transport in the mesophyll is km = 1, while the speed of
auxin transport in the vasculature kv is varied from 0 (A) to 0.475 (B), 0.7125 (C), 0.772 (D),
0.83 (E), 0.89(F), 0.95 (G) and finally 1(H). When kv = 0 auxin transport in the vasculature
is instantaneous, as in Gottlieb’s original method (A). In contrast, when kv = 1 auxin travels
at the same speed in the veins and mesophyll. Consequently, all veins connect to the auxin
sink at the base of the leaf (H). Between these values (B-F), the branching angle of veins
decreases as kv increases.
patterns which exhibit shallow angles between the margin and main veins appear visually
implausible (for example, some of the tertiary veins in Fig. 6.7 (B-D)). To preclude this
possibility the interval over which E(s) is optimized is restricted to s values where the angle
between the normal to the margin at P and the forming vein (θM in Fig. 6.6 B) is less
than a prescribed threshold T hθ . Biologically, such a constraint may be a consequence of
strong canalization (i.e. supralinear with-the-flux polarization), which tends to prioritize
extension of vasculature down the auxin gradient and away from the convergence point over
the establishment of an efficient path (as discussed in Sections 3 and 2.2.2, and [246]).
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6.4

Modeling leaf growth

In the model there are two components to leaf growth. The first simulates the axial extension
of veins, and the resulting elongation of the margin. The second simulates the viscoplastic
deformation of the margin, which is driven by the extension of veins. The rates of viscoplastic
deformation locally depend on the molecular state of the margin. The remainder of this
section describes the implementation of the two types of growth.

6.4.1

Vascular elongation

I assume that the growth of a leaf can be decomposed and described in reference to a number
of growth axes. The overall growth of simple leaves can be explained in relation to a single
axis. In lobed and compound leaves, however, the organization of growth seems to involve
numerous axes [265], which are dynamically established in response to the convergence points
forming on the margin [7, 126]. The vascular pattern of leaves is strongly correlated with
the shape of the leaf [47], and thus I hypothesize that the layout of major veins is related to
the leaf’s growth axes. In the model these axes of growth are assumed to coincide with the
veins of the leaf, which are initiated at convergence points. Consequently, the anisotropic
growth associated with each growth axis is simulated by non-uniformly extending each vein
in length, and propagating the extension of the vein to the margin. As a simplification
it is assumed the vascular pattern of the leaf is rigid. This is consistent with the differing
mechanical properties of veins compared to other tissues in the leaf, but neglects other spatial
constraints (e.g. the form of the bud [42,43]) which may provide a significant developmental
constraint for some species. A consequence of this assumption is that changes in the form
of existing veins are entirely determined by their elongation.
In many species leaf growth exhibits a spatial gradient, based on the distance from
morphologically significant landmarks (such as the base of the leaf [52,131]). In the model it
is assumed that the rate of elongation at point P on vein V is a function of DV , the vascular
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distance to the leaf base. This relation is captured by the relative elementary rate of growth
at a given vascular distance v as given by


 αV ( T hGE −v ) 0 ≤ v < T hGE
T hGE −0
RERG(v) =


0
T hGE ≤ v

(6.10)

which limits non-zero growth to the interval [0, T hGE ]. The piecewise linear form chosen for
RERG(x) is a compromise between expressiveness and simplicity of form, and is consistent
with the growth used in previous chapters (Chapters 4 and 5) and previous work [131].
An advantage of this form is that it permits the displacement resulting from growth to be
calculated analytically. Thus, the displacement at position P along vein V is determined
by integrating RERG(v) along the vascular path leading from the base to P (Fig. 6.8 A),
which yields the form:
∆V (P ) =

ns Z
X
i=0

evi

~ v ds
RERG(DV (Vi (s)))D
i

(6.11)

0

where {V0 , · · · , Vns } are the veins on the path connecting P to PV , [0, evi ] is the interval
~ v is the vein’s direction. The integral of RERG(x) has
of Vi lying on this path, and D
i
the same closed form as that arising in the model of Arabidopsis leaf margin development
(see Chapter 4, Eq. 4.15). The choice of coefficients for RERG(x) determines how growth
is distributed throughout the leaf blade. To simulate changes in growth related to leaf
maturity, the spatial distribution of growth becomes spatially restricted over time, consistent
with biological observations [52,55,131]. This is achieved by linearly reducing the parameter
T HGE to zero over the time interval [tM S , tM E ] 3 .
The margin is also displaced by the extension of veins, where each position is updated
based on the axis it is associated with (Fig. 6.8 B). The vascular position PV used to calculate the displacement ∆V (PV ) for marginal position P is determined differently for points
3

It may also be reasonable to reduce αV in a time dependent manner. This may be important to the
precise reproduction of observed growth rates, but did not appear to contribute to the diversity of leaf forms
that the model could produce.
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Dv0

Figure 6.8: Calculation of displacement due to vascular elongation for points on the vasculature (A) and leaf margin (B). (A) A point on the vasculature P is displaced based on the
elongation of the red vein segments. The directions of elongation, Dvi (blue arrows), and parameter intervals [0, ei ] are marked along the path. (B) Points on the margin are displaced
along with a corresponding point on the vasculature. Points residing on axis boundaries
(orange points on the margin), are displaced with the base of their respective supporting
axes (indicated by the orange lines). Non-boundary points (red disks) are projected on their
parent axis using V M AP and displaced with this point on the vasculature (indicated by red
arrows).
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residing in boundary vs non-boundary regions 4 . In non-boundary regions, points are nonambiguously associated with a single axis V , and thus a displacement is obtained by using the
orthogonal projection of P on V . In contrast, boundary regions mark the transitory region
between their founding axis V and another axis. It is unclear how neighbouring polarities should be combined in such regions, and biologically growth repression is often evident
at these sites [7, 265]. Here, it is assumed that such points are displaced by ∆V (QV ), the
displacement applied to the base of V , which minimizes margin elongation in these regions.

6.4.2

Plastic deformation of the margin

The margin is deformed over time to minimize the stretching and bending induced by the
growth of veins. Physically, this formulation is analogous to assuming the margin is a
viscoplastic material. In other words, the margin is extremely viscous, but plastically deforms
due to the residual forces incurred by the elongation of veins. The marginal position of veintips are not modified by plastic deformation as veins are assumed to be rigid compared to
other tissues. The interleaving intervals of the margin change their form, with rates controlled
by the compounds expressed there (consistent with the auxin and location dependent changes
in mechanical properties observed using cellular force microscopy [163, 214]).
In the proposed method, the form of the margin is varied over time to minimize the
stretch, bending and curvature of the curve. The optimization of curve forms can be performed using techniques from variational calculus, which considers optimization problems
whose solutions are functions and curves. In this context, it is important to note that although the margin approximates a continuous curve it is represented as a discrete set of
points. Consequently, I have employed techniques founded on notions from discrete differential geometry, which studies the discrete counterpart of differential notions [48], and focuses
on the robust discritization of variational methods. This has the added advantage of greatly
4

Boundary regions mark areas where the axes associated with the margin changes, as previously described
in Section 6.2.1.

179

simplifying the variational optimization of the margin’s form. The work presented below
takes particular inspiration from the work of Desbrun et al. [48, 49] and Kobbelt [125].
In the continuous case, quantities such as bending and stretching are captured by energy
functionals integrating the respective quantity along the whole curve (Fig. 6.9 A). For these
functionals to be well-defined the curve must be sufficiently smooth. In particular, secondderivatives must exist at each point, and the curve must be regular (the tangent lu is non-zero
everywhere [188]). The first functional, measuring the total squared curvature of l, is Eκ (l),
and takes the form 5 :
Z
Eκ (l) =

κ2 ds,

(6.12)

l

which is the path integral of the square of the signed curvature κ over the path l. Physically,
this energy functional captures the energy of a thin torsion-free rod, and is the basis of elastica
theory [137]. The curvature κ is independent of the curve’s parameterization, consequently
Eκ is as well (i.e. it is extrinsic) [271]. In contrast, the bending of the curve depends on the
parameterization of l and is
Z
EB (l) =
[0,1]

kluu k2 du

(6.13)

which integrates the magnitude of acceleration along l with respect to the parameter u. As
bending energy depends on the parameterization the energy also measures the deformation
of material points (an intrinsic quantity). In general EB 6= Eκ , however when l is arclength parameterized then κl = luu [188] and Eκ (l) = EB (l). This relation highlights
the difference between the two energies, as when intrinsic factors are eliminated using an
arc-length parameterization the two energies agree. Finally, the stretch is captured by
Z
ES (l) =
[0,1]

klu k2 du,

(6.14)

which integrates the magnitude of the velocity of l, which locally indicates the stretch of the
curve. Consequently, ES is related to the length of the curve (i.e. ES = L2 when klu k is
5

Most variational fairing schemes employ the squared total curvature, which can be related to strain [271].
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Figure 6.9: Diagram showing the continuous (A) and discrete (B) quantities minimized
by the variational method described in the text. Components of the diagram related to
curvature are shown in blue, bending in white and stretching in red.
constant).
For each of the above energies E there is an equivalent discrete energy E D (i.e. |E−E D | →
0 as the space between consecutive samples of l(u) goes to zero) that can be minimized. In
the case of curvature, the turning angle at each vertex (Fig. 6.9 B) is often used as the
analogous discrete quantity [48], yielding
np −1

EκD (l)

=

X

θi2 ,

(6.15)

i=1

where θi is the turning angle at point i.
For the stretch of a curve ES , the vector between successive points (the first finite difference) is used in place of lu (Fig. 6.9 B, the red arrow), yielding
ESD (l)

=

np
X
i=1

kpi − pi−1 k2 .

(6.16)

For bending, the weighted second finite difference about each point is used in place of luu :
np −1

EBD (l)

=

X
i=1

kwli pi−1 − wci pi + wri pi−1 k2 ,

(6.17)

where the weights wli , wci and wri are chosen to account for the differences in edge length(Fig.
6.9 B, white arrow). In particular, weights are chosen so as to produce the vector connecting
Pi to the point on the line between Pi−1 and Pi+1 that preserves the ratio of lengths between
181

the left and right edges (Fig. 6.9 B; lengths related to kpi−1 − pi k are shown in purple and
kpi+1 − pi k in yellow). The appropriate weights, as presented in [49, 64], are:
wli =

kpi+1 −pi k
,
kpi+1 −pi k+kpi −pi−1 k

wci = 1, wri =

kpi −pi−1 k
kpi+1 −pi k+kpi −pi−1 k

(6.18)

To optimize the form of the margin we need to find a deformation of the curve that
minimizes the above energies. This deformation takes the form of a displacement at each pi :
∆M (i) = ακ (Ai )∆κ (i) + αS (Ai )∆S (i) + αB (Ai )∆B (i)

(6.19)

Thus ∆M (i), the variational displacement of the margin at pi , is composed of three displacements: ∆κ (i) minimizing curvature, ∆S (i) minimizing stretch and ∆B (i) minimizing
bending. The rate of displacement of each is respectively modulated by multipliers which
depend on m(i) the molecular state at pi : ακ (m(i)), αS (m(i)) and αB (m(i)). If the angle between ∆M (i) and the outward facing normal at i is greater than 90◦ then the displacement is
ignored (c.f. [233], Chapter 16), to preclude displacements which would induce compression
of the leaf blade 6 . Points on the margin coinciding with vein tips are constrained by the
vein and are not displaced by plastic deformation of the margin. Instead at these positions
the displacement accounts for the local proliferation of cells near the convergence point, and
takes the form
~ j,
∆M (i) = αT D

(6.20)

where Dj is the direction of the vein j coinciding with point i, and αT is the rate of growth
near the vein tip.
The displacements given by Equations 6.19 and 6.20 are assumed to depend on cellular
growth, which is required for the viscoplastic deformation of cells. This is consistent with
the interpretation of plant growth as a combination of wall synthesis and viscoplasticity
(see [163]). Consequently, the rate of these displacements depends on the rate of cellular
6

In some cases it is useful to ignore this constraint. In particular, leaf forms requiring substantial uniform
growth (e.g. Fig. 6.22) can be generated much faster when compressive marginal displacement is permitted.
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growth. In the previous section it was assumed that over time polar growth decreases and
becomes spatially restricted [52,55,131]. As the marginal displacement is assumed to depend
on growth, I assume it becomes restricted in the same manner as polar growth. Specifically,
the rate of plastic growth at a given point is determined by the simulation time t and its
vascular distance v from the leaf base. This rate decreases as vascular distance increases
according to a function with the same form as Eq. 6.10, but with the coefficeint T hPGE
in place of T hGE . The parameter T hPGE is linearly reduced to zero over the time interval
[tM S , tM E ] (i.e. the same time interval as polar growth). The rate of tip growth (Eq. 6.20)
is decreased in the same manner, but employs T hTGE in place of T hGE .
Following Kobbelt [125], ∆S and ∆B are chosen to be the directions in which the corresponding discrete energy decreases the fastest at pi . These directions can be found by taking
the gradient of each energy with respect to pi (to get the directions of greatest increase),
and negating this value. In the case of ∆S this yeilds
dESD (l)
= 2(pi − pi−1 ) − 2(pi+1 − pi ) = 2(−pi−1 + 2pi − pi+1 ),
dpi

(6.21)

∆S (i) = pi−1 − 2pi + pi+1 ,

(6.22)

making

the unweighted second finite difference centered at pi (constant factors are combined with
the compound specific constant αS (Ai )). When we consider ∆B = −

D (l)
dEB
dpi

we obtain

dEBD (l)
= wri−1 wli−1 Pi−2 −(wri−1 +wli )Pi−1 +((wri−1 )2 +1+(wli+1 )2 )Pi −(wri +wli+1 )Pi+1 +wli+1 wri+1 Pi+2
dpi
(6.23)
where the weights used are those provided in Equation 6.18.
Curvature flow is often used to minimize curvature [233], and here EκD is minimized using
a discrete curvature flow, which gives ∆κ (i) the following form (Fig. 6.9)
∆κ = −θi N,
183

(6.24)

which displaces pi proportional to θi along Ni , the oriented normal of the curve at i. As
vein-tips are not displaced by curvature flow the turning angle at these points is minimized
by subtracting θi /2 from the turning angle at adjacent points prior to applying curvature
flow.
The effects of the three fairing terms in Eq. 6.19 are demonstrated in Fig. 6.10. In the
figure, the leaf contour shown in (A) is deformed by minimizing stretching (B), curvature
(C) or bending (D). Minimizing stretching (B) reduces the total length of the curve, but
permits sharp features to persist. In contrast, minimizing curvature (C) or bending (D)
eliminates sharp features. Comparing (B) and (C) it can be seen that curvature flow tends
to locally reduce curvature around sites of high curvature, whereas minimizing bending
evenly distributes curvature along the contour. In panels (B) and (C) the term minimizing
stretching is active with a small weight. This is necessary to prevent neighboring points
from becoming coincident. The forms in Fig. 6.10 (B-D) illustrate the progressive webbing
of a planar branching structure which is reminiscent of the evolutionary origin of leaves
hypothesized by telome theory [281].
The discrete formulations presented above have been specifically chosen due to their robustness when a small, discrete set of salient points along the margin are employed (for
example, those positions coinciding with convergence points, the start and end of expression
intervals, and axis boundaries). Consequently, in many cases similar results can be produced
using a small fraction of the number of points required to uniformly sample the margin. In
this case, a higher resolution curve is generated at render time. To maintain visual consistency with higher resolution leaf forms generated using the variational propagation described
above, a variational subdivision interpolating existing positions is used to increase the resolution of the curve’s representation (c.f. [125]) at render time. The variational subdivision
method proceeds in two steps. First, nV S points are introduced between each sample on
the margin. Next, the positions of the newly introduced points are modified by nF steps of
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Figure 6.10: The impact of minimizing stretch, bending and curvature is demonstrated for a
given contour. (A) A leaf contour generated using the geometric model of leaf development
(without simulating plastic deformation of the margin). (B-D) The leaf contour in (A) is
progressively simplified by minimizing (left-to-right) stretch (B), curvature (C) and bending
(D).
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variational fairing (i.e. they are displaced using Eq. 6.19). In this case, points may move
into the leaf interior. During these fairing steps the positions of the original points on the
margin are fixed, causing the refined curve to smoothly interpolate the original curve.

6.5

The leaf lamina

A triangle mesh is used to represent the leaf lamina. The mesh is constrained by the leaf
margin and vasculature. To enforce these constraints, vertices and edges of the mesh incident
with the veins and margin are moved with the veins and margin as they grow. Accordingly,
the mesh must be updated to reflect changes in the geometry of the margin and vascular
structure of the leaf as they occur (Fig. 6.11). As the pattern of these changes (e.g. the introduction of additional veins and points on the margin) is an emergent aspect of simulations,
and cannot be determined a priori, the mesh must be dynamically refined during simulation.
Furthermore, due to the non-unform growth of the leaf margin and veins, and the irregular
pattern in which new geometric elements are introduced, uniform refinement schemes lead to
overtesselation of the leaf-blade. Consequently, the mesh is incrementally refined as required
to accommodate the dynamic introduction of marginal and vascular elements, as well as the
radical changes in the size and form of the leaf occurring during simulation. The approach I
have implemented is a variant of the remeshing strategy proposed for progressive meshes by
Hoppe [105] and the incremental remeshing strategy proposed by Botsch and Kobbelt ( [24],
Section 6.5.3), which maintain high quality dynamically refined meshes. The dynamic mesh
representing the leaf lamina is implemented using a VV-system.
The scheme ensures that mesh quality is maintained during growth by interleaving four
proccesses (Fig. 6.12 A-D): edge-splitting, edge-collapse, edge-flipping and vertex fairing.
Refinement and decimation adjust the resolution of the mesh through edge splits (A) and
edge collapses (B) respectively. The remaining processes ensure a high quality triangulation
with an even distribution of vertices, by adjusting the topology (edge-flipping (C)) and ge-
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Figure 6.11: The dynamic mesh is updated to respects changes to the margin (shown in
blue) and vasculature. (A) When a new vertex is added to the margin (between the red and
yellow vertices), a corresponding vertex is added to the mesh by splitting the incident edge
and triangle as shown in the right panel. (B) When a new vein is introduced (left panel,
dotted line), its path is intersected with the mesh and the corresponding edges and vertices
are added to the mesh (right panel, black line). Adding the vein to the mesh introduces a
number of quads, which are decomposed into triangles by adding a edge splitting each quad
(right panel, green edges).
ometry (vertex-fairing (D)) of the mesh. A detailed discussion of the four processes depicted
in Fig. 6.12 is provided in the following text.
Formally, a triangle mesh M = (V, E, F), where V are the vertices of M, E = V × V are
the edges, and F (with F ⊂ V for F ∈ F) are the faces is used to represent the leaf lamina.
Edges are assumed to be symmetric (i.e. (U, V ) ∈ E implies (V, U ) ∈ E). To ensure the mesh
is composed of triangles each face has 3 incident edges (i.e. |F | = 3 for F ∈ F). The mesh is
stored using a Vertex-Vertex data structure [244], which is well-suited to the representation
of dynamic, irregular meshes. The implementation of each of the four steps is outlined below
Mesh refinement is achieved using an edge-split operation (Fig. 6.12 A), applied to any
edge (Q, S) that exceeds a threshold length T hr (i.e. kQ − Sk > T hr ). When the threshold
is exceeded, a new vertex R is introduced into the edge connecting Q and S. Letting
N = {P, Q, S, T } be the set of vertices of the triangles containing the edge (Q, S), then R
is placed at the centre of mass of N , and edges connecting R to each vertex in N are added
to E. Finally, the edge (Q, S) is removed from E.
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Figure 6.12: To maintain mesh quality four procedures are interleaved: edge-splitting (A),
edge-collapse (B), edge-flipping (C) and vertex fairing (D). In (C), θ1 is the indicated angle at
the blue vertex (black circle arc) and θ2 is the indicated angle at the yellow vertex.Additional
details are provided in the main text.
Mesh decimation is performed using an edge-collapse operation, applied to any edge
(P, Q) that becomes smaller than the threshold T hd (i.e. kP − Qk < T hd , Fig. 6.12 B).
In this case, the edge (P, Q) is removed, and the vertices P and Q are replaced by a single
vertex D. The new vertex D is placed at the midpoint of (P, Q) and replaces P and Q where
ever they appear in E. As the simulated leaves only increase in size, mesh decimation is
rarely, if ever, required in practise.
Triangles with poor aspect ratios (i.e. long skinny triangles), are numerically problematic
(see [24], pp 86) and decrease the quality of a mesh. Topologically, this problem can be
alleviated by locally modifying the connectivity of the mesh via conditional edge-flipping:
remeshing the quad formed by the two triangles adjacent to a given edge so it splits along
the diagonal opposing the original edge (Fig 6.12 C). An appropriate criterion in 2D is to flip
an edge whenever the sum of the angles opposing the edge (the angles θ1 and θ2 in Fig 6.12
E) exceeds 180◦ ( [46], pg. 186). When iterated to convergence (i.e. flipping-edges until no
edge meeting the criterion to be flipped is left), a Delaunay triangulation of the vertices
is produced ( [46], Chapter 9). Edge-flips are not applied to edges that coincide with the
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margin or vasculature, so that the mesh remains consistent with these sub-systems.
Finally, to maintain a regular distribution of vertices the positions of vertices are locally
blended by iteratively moving vertices in the direction of the discrete Laplacian [48, 49]
(Fig 6.12 D). Thus, the position of vertex V (D, red disk) is updated to become
V 0 = V + sF Laplacian(V ),

(6.25)

where sF is the rate at which the vertex is moved along Laplacian(V ), the discrete Laplacian
at V . The value of Laplacian(V ) is
Laplacian(V ) =

1 X
U −V
m

(6.26)

(U,V )∈E

where m is V ’s valence in M.
The four procedures are applied following each update of the veins and margin. First a
single iteration of refinement and decimation is applied. Next nF iterations of edge-flipping
interleaved with vertex-fairing are performed. Typically the number of iterations nF required
is dependent on the magnitude of the growth of the leaf and the number of triangles in the
mesh. The latter is primarily determined by the threshold size for refinement T hr and the
overall size of the leaf.

6.6

Visualization

To increase the visual appeal of modeled leaf forms specialized techniques are used to visualize
the veins and lamina of the leaf (Fig. 6.13). The width of veins is determined using a variant
of the pipe model proposed by Runions et al. [218] (Fig. 6.13 A). The pipe model relates the
radii of veins before and after branching points using the following equation [241]
rn = r1n + r2n

(6.27)

where r is the radius of the vein below the branching point, and r1 , r2 are the radii of veins
above the branching point and n is a parameter controlling the allometric relation between
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Figure 6.13: Visualizing of the vasculature and the lamina. The width of veins is varied
using the pipe model (A), and curved veins are modeled using cubic Hermite splines (B).
Colors in the lamina are varied independent of the vascular pattern (B), or based on the
veins of the leaf (C, D).
these quantities. The calculation of widths begins at vein tips, which are assumed to have a
width of rmin , and proceeds towards the base of the leaf. As in Runions et al. [218], width is
increased at each branching point to account for higher-order veins which are not simulated.
Here, width increases in proportion to vein length at a rate of rinc . The values of rmin , rinc ,
and n are treated as model parameters, and are adjusted to control the appearance of leaf
vasculature.
Curved vein paths are introduced by fitting a cubic Hermite spline ( [60], Section 7.5)
to each vein (Fig. 6.13 B). Cubic Hermite splines continuously interpolate between a pair
of positions and tangents, specified at the start and end of a curve. For the positional
constraints, the position of the vein on its supporting vein is used at the beginning of the
curve and the vein tip at the end of the curve. Tangent constraints at the start and end of
the vein are respectively specified in terms of the angle the curve makes with respect to the
parent vein (i.e. the branching angle) and the leaf margin.
Finally, adding variation to the colors of the leaf blade greatly enhances the visual plausibility of leaf forms (Fig. 6.13 B-D). To generate this variation the production and diffusion
of a pigment value pv at each v vertex of the mesh is simulated. Consequently, the pigment
value changes according to
dpv
= σ(pv − cm ) − d∇pv ,
dt
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(6.28)

where cm is the target pigment level for the lamina, σ is the rate at which pv tends towards
this target and d is the rate of pigment diffusion. To diffuse pigment over the irregular
mesh used to represent the lamina, an appropriate discrete Laplacian is required, and I use
the uniformly weighted discrete Laplacian (c.f. Eq. 6.26) 7 . Pigments are mapped to color
values using a color map. Color variation was introduced by setting the pigment values at
newly introduced vertices to a random value. This leads to multi-scale color variation in the
leaf blade, with subtle color variation occurring over large regions and significant variations
occurring locally (Fig. 6.13 B). Coloration of the leaf blade is often affected by the pattern of
veins, which are correlated with changes in leaf color. To account for this feature, the pigment
value at mesh vertices coinciding with veins was set to a user defined value cv (Fig. 6.13 C,
D). The proposed method is conceptually related to the systems proposed in [240,280], which
likewise determine leaf or petal color based on the production and diffusion of pigments in
the blade and vasculature of the leaf.

6.7

Results

In this section I examine the leaf shapes generated by the proposed method to illustrate
the diversity of forms it can produce. The spectrum of natural diversity they capture is
related to the features of leaf morphology presented in Section 2.3.1. Consequently, the
section is organized according to the key features of leaf form, starting with simple entire
leaves before progressing to serrated, lobed, compound and finally recursively compound
forms. Paralleling this organization is the presentation of models incorporating an increasing
number of compounds, which, in the proposed models, is the key determinant of the range
of leaf forms that can be produced. In the context of this progression the aspects of leaf
morphology which become mutable as additional compounds are introduced is discussed.
Consequently, this organization serves to link aspects of leaf morphology and development
7
The use of more sophisticated discritizations, such as the standard cotangent weighted Laplacian [24,44],
did not have a visually perceivable impact on leaf colors.
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in the model.
Simulation parameters for key models are provided in Tables 6.1-6.3. All simulations are
initialized with the geometry shown in Fig. 6.2 A, scaled by constant factors in the x and
y directions (these scaling factors are model dependent parameters, Table 6.3), but differ in
the initial expression of compounds.

6.7.1

Simple entire leaves

To simulate the development of simple entire leaves I first consider a model where no compounds are expressed, but the whole margin is still assumed to be competent to generate
convergence points. As the margin has only one state, this variant is termed the Single State
model. This model can generate a range of simple entire leaves which lack a petiole (i.e.
sessile leaves), and is used to illustrate the parameters which control the overall dimensions
of leaves (i.e. their height-to-width ratio) in Fig. 6.14. A model generating petiolate leaves
is presented next, and used to examine factors in the model which affect the form of the leaf
apex and base.
Leaf blade dimensions
The absolute size of leaves is controlled by rates and duration of growth. In contrast, the
heigh-to-width ratio of leaves is controlled by the relative rates of localized growth at vein
tips compared to vein elongation (parameters αV , Eq. 6.10, and αT , Eq. 6.20, respectively).
Due to the dependence of growth rates on vascular distance (as outlined in Section 6.4),
in the absence of localized growth at vein tips no vein can extend faster than the midvein,
leading to the production of narrow leaf forms. Tip growth, when present, modifies the ratio
of vein lengths (due to its additive nature), leading to the production of broader leaf forms
( Fig. 6.14).
Examining the growth rates of these leaves (Fig. 6.15) we can see that the simple leaf
forms in Fig. 6.14 arise from relatively sophisticated growth patterns. Varying αT changes
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tip growth

time

Figure 6.14: Parameter space exploration of a single state model illustrating the effect of
tip-growth αV on leaf form. The temporal progression (y-axis) of leaf forms is shown for 5
models (x-axis), which differ only in the rate of tip-growth. The value of αV is increased from
left to right, taking the values 0.000001, 0.00001, 0.00007, 0.00014 and 0.0014 respectively.
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Figure 6.15: The areal growth rates of the simple leaves from the second (A), third (B) and
fifth (C) column of Fig. 6.14 are visualized. The growth rates in each leaf are normalized
by dividing by the largest value in the blade prior to being assigned a color (using the color
map on the right side of the panel). Orange circles mark axis boundaries.
the distribution of growth in the leaf blade, with growth becoming focused at vein tips for
high values of αT , and distributed more evenly throughout the lamina for smaller values.
As tip growth decreases, a basipetal gradient becomes apparent due to the widening of the
narrow leaf base by young veins.
The leaves generated by the single state model lack the pronounced petiole present in
many leaves, as two states are required to identify the portions of the margin giving rise to
the leaf blade and petiole. Consequently to produce petiolate forms it is necessary to add
another compound to the model, expressed near the leaf base. This compound is assumed to
inhibit plastic deformation of the margin, and disables the production of convergence points.
The addition of this compound permits more refined control over the form of the leaf base.
Thus, I use this variant to illustrate the parameters which control the shape of the leaf base
and apex, which are important aspects of leaf forms [57] 8 .
Apex and base shape
The form of the leaf base can be characterized by the angle between the midvein and the
margin at the distal end of the petiole (base angle) [57]. Different leaf forms are produced
depending on whether or not marginal distances accumulate in the region marked as the
8

It should be noted, that the form of the leaf tip can already be examined using the single state model.
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Figure 6.16: Leaf forms illustrating the generation of a petiole by a compound (shown in
red) which makes the margin unable to produce convergence points. The tip growth rate is
increased from left to right, respectively taking the values 0.000023, 0.00007, 0.000045 and
0.00023.
petiole. In Fig. 6.16 distances do not accumulate (i.e. the petiole is in the set N C defined
in Section 6.2.1), causing new CPs to be introduced at some distance from the blade-petiole
boundary. Here, tip growth is varied to control the base angle, which increases from an acute
to obtuse angle as tip growth is increased. When distances do accumulate in the petiole,
then CPs are introduced at the boundary between the margin and the blade (Fig. 6.17) 9 .
This causes a reflex base angle (i.e. greater than 180◦ ) to be produced [57]. In both cases,
a specified base angle can be obtained via appropriate choices of the rates of tip-growth and
growth inhibition in the petiole.
The leaf tip, similar to the leaf base, is characterized by the angle the leaf margin makes
with the midvein, which is referred to as the apex-angle [57]. The apex angle is also affected by tip growth, and in Fig. 6.16 transitions from an acute to obtuse angle as the tip
growth rate is increased. Further control over the shape of the leaf apex can be obtained
by locally reducing plastic deformation of the margin in a small neighborhood of the tip
(i.e. the point at the leaf tip and its immediate neighbors). In Fig. 6.18, decreasing plastic
deformation generates a progression of leaf-apex forms from convex, to straight and finally
9

In the framework this is achieved by making the petiole competent to produce convergence points, but
using a high threshold distance for convergence point formation.
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Figure 6.17: Leaf forms illustrating the generation of a petiole when marginal distances
accumulate in the petiole. The tip growth rate is increased from left to right using the same
parameters as Fig. 6.16.

Figure 6.18: Leaf forms illustrating the generation of various leaf tip shapes. Plastic deformation of the margin at the leaf tip decreases from left to right.
concave (termed acuminate [57]).
Leaf asymmetry
By default, the method produces symmetric leaf forms (Fig. 6.19 A). Two methods for
breaking bilateral symmetry are employed in Fig. 6.19 which respectively rely on altering
the initial expression of compounds (B) and specifying asymmetric boundary distances (C, D;
parameters dl and dr described in Section 6.2.1). The two methods for generating asymmetric
leaves can be justified biologically by the asymmetric influence of neighboring leaves on the
shoot apical meristem (c.f. [35], as discussed in Section 6.2.1). Together these methods can
account for the three types of leaf base asymmetry appearing in the leaf classification guide
of Ellis et al. [57].
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Figure 6.19: Generation of asymmetric leaf forms. The symmetric leaf form shown in (A)
serves as a reference for the asymmetric forms shown in (B), (C) and (D). In (B), compared
to (A), the expression domain of the red petiole-marking compound is extended in length
by 25% on the left side and reduced by 50% on the right. In (C) and (D), compared to (A),
asymmetric boundary distances are used. In (C), the left boundary distance is dl = −10 and
the right boundary distance is dr = 20. In (D), these values are dl = −55 and dr = −35.
Negative boundary values approximate strong inhibition of convergence point formation by
signals from the SAM.
In (B), compared to (A), the expression of the red compound has a greater distal extent
on the left side of the leaf and is restricted for the right side of the leaf. The resulting form is
asymmetric, due to the relative shift in the insertion point of the lamina between the left and
right side of the leaf. Such leaves are said to be basal insertion asymmetrical and appear,
for example, in Faxinus floribunda.
In (C) and (D) an asymmetric form is produced by decreasing the boundary distance dl
and increasing dr , which causes convergence points to be initiated sooner on the right side
compared to the left. In (C), this results in increased basal extension of the leaf blade on
the right side relative to the left. Such leaves are said to be basal extension asymmetrical
and appear, for example, in Tilia chingiana. In (D), where a smaller dl and dr are used, this
results in an increased leaf base width on the right side of the leaf relative to the left. Such
leaves appear, for example, in Lunania mexicana and are said to be basal width asymmetrical.
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Figure 6.20: Parameter space exploration of the two state CUC-model. The parameters
for forms enclosed in black boxes was specified, and intermediate forms were generated by
bilinearly varying parameters between these four parameter sets.
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6.7.2

Serrations and Lobes

Biologically, serrated leaf forms appear to depend on an interspersed pattern of convergence
points, marking protrusions, and CUC expression, marking indentations (Chapter 4). Reproducing this pattern requires the expression of a single compound along the margin, and
facilitates the generation of serrated and lobed forms. Additionally, an interspersed pattern
allows the character of indentations and protrusions to be independently controlled by respectively changing parameters for regions where the compound is or is not expressed. The
depth of sinuses, for example, is controlled by varying the degree to which the compound
inhibits margin displacement (i.e. reduces ∆M (i) in Eq. 6.19).
Here, I consider two variants that reproduce this interspersed pattern, but assume CPs
form in different locations. The first variant, already introduced in Fig. 6.2, assumes the
compound behaves like CUC2 in Arabidopsis. Specifically, CPs only form in regions where
the compound is expressed, and following the introduction of a CP the expression of the
compound is removed nearby. Consequently this variant is dubbed the CUC model. In
contrast, the second variant assumes that CPs are only introduced in regions which do not
express the compound (similar to the single state model), and following the introduction of
a CP expression of the compound is introduced at a given distance from the CP (i.e. at
the flanks of the forming protrusion). This limits the competence to produce CPs to regions
near the apex of existing protrusions. Consequently, this variant is dubbed the Apex model.
The CUC model is used to produce the forms in Fig. 6.20. In the models used to generate
the figure, growth has a basipetal gradient, as is observed, for example, in the serrated leaves
of Arabidopsis (Chapter 4). This morphospace shows a sampling of the forms that can be
generated using the CUC model.
The array of leaf shapes in Fig. 6.20 is generated by uniformly varying parameters from
left-to-right and top-to-bottom. The convergence point distance (T HCP , Sec. 6.2.1) increases
from left to right. In the other dimension, plastic deformation of the margin in CUC ex-
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pressing regions is decreased (by uniformly decreasing the coefficients in Eq. 6.19) while
simultaneously increasing the vein branching angle (θ in Sec. 6.4.1) from top to bottom.
Variation of these parameters produces a seemingly continuous progression of forms, in spite
of discontinuous changes in the location of veins and convergence points.
Various regions of the morphospace resemble the leaves of different species. For example,
forms on the left side are reminiscent of the undissected leaf forms of different varieties of
grape vine, such as: V. mustangensis and V. coignetiae

10

near the upper-left corner (A1,

B2), V. berlandieri (C1, D2) near the middle of the left side and those of V. rotundifolia and
V. riparia near the bottom-left corner (D2, E2). Forms on the lower right side are similar to
the leaves of some species of the Cucurbita-family (gourds), such as Bryonia alba (E5), and
Cucurbita maxima Duchesne (B4, C5). Forms on near the bottom right resemble the leaves
of some birch trees (E5, E5). The morphospace, however, only illustrates a small range of
the forms which can be generated using the CUC-model. Additional examples are provided
in Figure 6.21 A,B which show leaves with the form of an autumn Acer leaf (A) and subtly
serrated poplar leaf (B) compared to the birch like form from A5 of Figure 6.20.
In the CUC model, the restriction of competence to form new CPs to the sinuses helps
prevent the overproliferation of veins by limiting development to sub-domains of the margin.
In more serrated forms (e.g. the bottom row of Fig 6.20) the basipetal restriction of growth
and competence limits the introduction of veins to less developed portions of the margin,
which also serves to reduce overlaps in the leaf blade.
The apex model is used to produce the forms in Figs. 6.22-6.24. As shown in Fig. 6.22 this
model creates complex reiteratively lobed or serrated forms, some of which are reminiscent
of maple leaves. This figure also illustrates the effect of growth inhibition in the lobe sinuses
on leaf form, and as inhibition is reduced leaves becomes progressively less dissected. In each
sub-panel the relative effects of driving margin propagation by minimizing stretching (left)
or bending (right) are demonstrated. Although both can be used to control the degree of
10

These leaves do not account for the doubly-serrated aspect of the form of V. coignetiae
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Figure 6.21: Additional examples of forms generated using the CUC model (A,B) compared
to the form from A5 of Figure 6.20. (A) An autumn Acer leaf. (B) A poplar leaf. (C) A
birch leaf.
leaf dissection, minimizing bending creates rounded protrusion tips and evenly distributes
curvature in the sinuses.
As all indentations are marked by the same compound, this class of models generates
forms where features of the leaf margin have a similar character at different spatial scales.
This point is highlighted by the highly self-similar forms shown in Fig. 6.23, which also
illustrates the effect of branching angle on leaf form.
Examples of some forms produced using the Apex model that are visually similar to particular species are provided in Fig 6.24. The form depicted in (A) uses the same parameters
as Fig. 6.22 E, and resembles a leaf from an obsidian coral bell plant. The remaining forms
were created using models with slight modifications to the parameters used in Figs. 6.22. In
(B), negative boundary distances (dl and dr ) were used, and cause the first pair of initiating
lobes (second from the leaf base) to be displaced distally. This creates space at the leaf base,
which later gives rise to an additional pair of primary lobes, producing a form reminiscent of
some northern pin oak leaves (Quercus ellipsoidalis). In (C), the window of competence for
protrusion formation is increased (T HPM ), leading to the initiation of additional lobes. This
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Figure 6.22: Parameter space exploration of the Apex-model. Inhibition of growth by the
compound marking sinuses decreases from (A) to (F). In each panel, viscoplastic deformation
of the leaf margin is primarily due to the minimization of stretching for the leaf forms on
the leaf and minimizing of bending (and to a lesser degree curvature) for the forms on the
right. The rate of plastic deformation doubles between successive panels.
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Figure 6.23: The effect of branching angle on leaf shape. The branching angle is reduced
by 8◦ between successive panels from 60◦ (A) to 12◦ (F).
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Figure 6.24: Additional examples of forms created using the Apex model resembling leaves
from obsidian coral bell (A), northern pin oak (Quercus ellipsoidalis) (B) and giant bramble
(Rubus Alceifolius).
produces a leaf with a form similar to a giant bramble leaf (Rubus Alceifolius).
Unlike the CUC model, the expression patterns seen in the Apex model have yet to
be observed experimentally. However, given the visual plausibility of these forms shown in
Figs. 6.22-6.21 it is an interesting question whether the developmental pattern implied by
the Apex-model is observed in nature.

6.7.3

Combining serrations, lobes and leaflets

Multiple compounds are useful in the modeling of leaves with several types of marginal features, each appearing on distinct spatial scales. This includes leaves with serrated lobes, or
compound leaves with lobed leaflets. To account for such forms I propose a model incorporating two compounds (Figure 6.25), inspired by biological data on lobed and compound
leaf development [7, 18, 91, 93, 234]. Conceptually, these compounds correspond to CUC and
KNOX and this variant is dubbed the KNOX-model of leaf development. In this model
both compounds are assumed to have morphogenetic properties similar to those of the single
compound in the CUC-model (i.e. are permissive to convergence point formation and are
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Figure 6.25: The KNOX -model. The first compound is shown in red, the second compound
in blue. A third compound is shown in green and marks the start and end of the margin. The
green compound marks a region which is not competent to produce convergence points (i.e.
the petiole), but otherwise does not affect morphogenesis. The location of axis boundaries
are depicted by the yellow disks. The initial state of simulations is shown in (A). (B) A
CP initiation site before (left), immediately following (middle) and several iterations after
(right) initiation. (C) Selected frames from the simulation of a compound leaf form.
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downregulated near convergence points).
In the models presented in this section a number of additional assumptions are made
to separate the spatial scale at which different features appear. The introduction of a convergence point (Fig. 6.25 B) is assumed to remove the blue, KNOX-like, compound in a
larger interval about the convergence point than the red, CUC-like, compound. Additional
assumptions concern the relative values of parameters in regions expressing both compounds
compared to those expressing only the red compound. Specifically, in regions expressing
both compounds
1. the accumulation of distances (km(s) , Eq. 6.3) is increased,
2. and the competence to produce protrusions is limited to a smaller region near the leaf
base.
Together, these parameter differences cause a number of protrusions to be introduced in
blue-expressing regions (giving rise to lobes or leaflets), which are later elaborated upon by
the generation of serrations.
The operation of the KNOX model is demonstrated in Figure 6.25 C. In this example,
the strong inhibition of laminar outgrowth by the KNOX-like compound permits a rachislike form to be maintained while lateral protrusions are produced. Once a lateral outgrowth
is initiated, its development proceeds as in the CUC-model, leading to the production of a
leaflet.
The relation between compound and a variety of lobed forms in the KNOX model is
examined in Figure 6.26. Decreasing the repression of margin displacement by the KNOXlike compound leads to a transition from compound (A) to lobed (B) leaf forms. Further
reduction results in an increased number of lobes due to increased growth at the leaf base
(C). Symmetric variation in the number of lobes produced in leaves is a common feature
of many plants, such as fig (Ficus carica) and hops (Humulus lupulus) which commonly
present with 3 and 5 lobed leaves. Slightly perturbing the initial expression of compounds
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Figure 6.26: Moving between compound and lobed forms in the KNOX-model. (A-C)
Decreasing the inhibition of laminar growth by the blue compound leads to the production
of lobed (B, C) instead of compound (A) leaf forms. (D-E) Asymmetrically varying the
vertical extent of compounds in the initial state of the simulation (i.e. Fig. 6.25 A) generates
asymmetric leaf forms which differ in the number of lobes emerging on the left and right
sides of the leaf.
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Figure 6.27: Simulated red mulberry leaves ( Morus Rubra).
on opposing sides of the leaf leads to asymmetric forms (D, E). This type of asymmetric
variation is reminiscent of what is observed, for example, in mulberry leaves. A related
example is shown in Figure 6.27, where leaf forms approximating red mulberry leaves are
shown.
The form of lobes and serrations can be independently controlled by varying the parameters associated with regions expressing only the CUC-like compound and those expressing
both the KNOX- and CUC-like compounds, as illustrated by the parameter space exploration in Fig. 6.28. The repression of growth in KNOX-expressing regions is increased from
left to right, causing leaf forms to transition from deeply lobed to compound. Repression
of growth by the CUC-like compound controls the form of the sinuses separating serrations.
In Fig. 6.28 this repression is increased from bottom to top, leading to the production of
increasingly dissected leaflets (right side of the morphospace) and lobes (left side of the
morphospace).
As in the previous morphospace, the forms in Fig. 6.28 are reminiscent of a number of
leaves observed in nature. Leaves near the upper right corner resemble the leaflets of some of
the more dissected species of the Rubus genus, such as Rubus laciniatus. In contrast, forms
near the top left corner resemble more dissected Vitus leaves, which are similar to a some of
the forms present in [36]. Near the bottom corner of the left-hand side leaves reminiscent of
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by CUC

Growth repression by KNOX

Figure 6.28: Parameter space exploration of the KNOX model. Growth repression by
the KNOX-like compound is increased from left to right. Growth repression by CUC-like
compound is increased from bottom to top.
those observed in Momordica charantia (bitter gourd) appear.

6.7.4

Reiteratively compound forms

The production of recursively compound leaf forms, complete with petiolules, requires an
additional compound to mark the crease at the base of each leaflet (Figs. 6.29 and 6.30).
The variant shown in these figures introduces the third compound at the boundary between
axes (similar to CUC during Cardamine leaf development, Chapter 5). This compound is
not competent to produce convergence points, and thus precludes the initiation of leaflets
at axis boundaries and in close proximity to leaflet bases. The emergence of intercalary and
higher-order leaflets can be controlled using the spatio-temporal window of competence.
In Fig. 6.29 competence to produce leaflets is restricted to the leaf base. Several time
steps from the same simulation are shown in (A-D). In this simulation limiting competence
to produce leaflets to the base of the rachis leads to the emergence of a regular pattern of pri-
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mary and intercalary leaflets. In (E), further basipetal restriction of competence eliminates
intercalary leaflets. In contrast, increasing the region of competence leads to the production
of additional intercalary leaflets along the rachis (F,G). In Fig. 6.30 varying the temporal
competence to produce leaflets restricts the amount of intercalation that occurs, as well as
the reiteration of leaflets on leaflets.

6.7.5

Discussion of simulation results

Biological studies examining the natural variation of leaf shape have identified some key
aspects of leaf form which are particularly mutable. In nature, leaves with and without
serrations, lobes and leaflets occur in plants of the same species [75]. Similarly, closely
related species or cultivars may have different leaf forms, with serrated, lobed or compound
forms appearing in one species but not the other [36,111]. The proposed leaf models captures
this aspect of leaf diversity, and easily transitions between serrated, lobed and compound leaf
forms as compounds are added or removed, or their parameters are varied (Figs. 6.20, 6.25,
and 6.28). These results are consistent with observations of leaf development, which indicate
that the introduction or removal of CUC and KNOX from the leaf blade, or perturbing their
levels of expression can generate similar changes in the form of leaves (Sec. 2.3.3).
The framework also indicates that small changes in the developmental timing of events
can have a significant effect on the final form of leaves. This is seen, for example, in Figs. 6.29
and 6.30, where changing the spatio-temporal window of development dramatically changes
the compound form produced by the model. This is also seen in Fig. 6.26 D, E and Fig. 6.27
where slightly varying the initial expression of compounds, changes the timing of events
during development as well as the number and arrangement of lobes or leaflets. Consequently,
the framework supports the hypothesis that the striking intra-species diversity of leaf forms
observed in some plants may be the result of small changes in the initial expression of
compounds, or the spatial-temporal window of primary morphogenesis.
Analysis of unrealistic, or uncommon, forms that repetitively appear in morphospaces
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Figure 6.29: Spatial competence and compound leaf development. The window of competence is shown in red, with yellow indicating the region just beyond this window. (A-D)
Selected frames from a simulation of compound leaf development where the window of
competence is T HP = 200. (E) A compound leaf with a smaller window of competence
(T HP = 100) at the same stage of development as panel (D). In this case, reducing the size
of the window precludes the initiation of intercalary leaflets. (F,G) Compound leaves with
increased windows of competence at the same stage of development as (D). As the window
of competence is increased additional leaflets appear first in the proximal (F, T HP = 275)
and then distal (G, T HP = 400) spaces between the first order intercalary leaflets.
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Temporal competence

Figure 6.30: Temporal competence and compound leaf development. Increasing the length
of time during which protrusions can form (left to right) leads to the generation of intercalary
and higher-order leaflets.
is also important, and can indicate developmental or evolutionary constraints that are not
accounted for by models [277]. The most conspicuous unrealistic forms I encountered are
those where a large number of protrusions overlap, which I have taken care to avoid in the
presented results. These forms are a result of the assumed planarity of simulated leaves, a
simplifying assumption made in the framework which is not applicable to all leaves
Nevertheless, many leaves in nature have minimal overlap and are relatively planar. This
form is consistent with the primary function of leaves — to capture light for photosynthesis. In this context, the variants presented highlight a number of developmental strategies
that limit the proliferation of marginal protrusions, which in the model is important to the
generation of non-overlapping leaf forms. When margins are smooth additional axes tend to
be introduced in directions pointing away from existing axes (Fig. 6.14). In contrast, when
margins are serrated or lobed, limiting the introduction of additional axes to sub-domains
of the margin (either protrusion tips, Fig 6.22, or the indentations between protrusions
Fig. 6.20) helps to maximize the extension of protrusions prior to overlap. Finally, limiting
the temporal-spatial competency to produce protrusions limits the proliferation of axes to
less developed regions of the leaf (e.g. Figs. 6.29 and 6.30).
Examining the simulated leaf forms also elucidates relations between leaf form and development. For instance, in a number of the simulated leaf forms lobes are asymmetric,
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with the proximal side of the lobe becoming more developed than the distal (Figs. 6.23, 6.25
and 6.28). In simulations, this is an immediate geometric consequence of the orientation
of the lobe midvein in relation to its supporting vein. As the distal angle between these
veins is smaller than the proximal angle, the proximal side of the lobe grows more than the
distal. Thus the proximal margin length increases faster, causing development to accelerate
compared to the distal side of the lobe.
Another developmental feature of the model is the competition between features of different order (e.g. lobes and leaflets) for space. This can be observed for example in Fig. 6.28,
where in the bottom row there is an abrupt transition in the relative sizes of the terminal
and lateral lobes between the second and third panel. In this case, this change is the result
of the initiation of an additional sub-lobe in the terminal lobe, which reduces the amount of
space available for lateral lobes to initiate, delaying their initiation and leading to a decrease
in their overall size.
Insights can also be gained from the range of observed leaf forms which do not appear
in morphospaces, or are difficult to generate, yet are common place in nature. Using the
proposed method, it is difficult to obtain the sharp indentations seen in some leaves. This
feature is seen, for example, in the leaves of Crataegus monogyna and Crataegus phaenopyrum, and is accompanied by veins terminating in the sinuses between lobes. Recessed leaf
tips, where the lamina extends beyond the midvein (as seen in Liriodendron), is also not
captured by the model. In both cases, the indentation is marked by a vein. Consequently, it
is possible that if veins were allowed to constrain growth these features of leaf form may be
captured (c.f. [131], where reduced growth along the midvein produces a recessed leaf tip).
It is also difficult to obtain refined control over the form of serrations, or produce the
nearly regular periodicity of serrations that occurs in some leaves (such as is observed in
Dillenia philippinensis). As highlighted by the model of Arabidopsis in Chapter 4, serrations
can be generated by locally perturbing the rates of margin outgrowth, without respecifying
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growth directions. Thus, it may be possible to better account for the forms of serrations
by having convergence points that locally modulate growth rates along the margin, without
introducing a new axis of growth.

6.8

Conclusions

To model leaf form development, the framework simulates the interplay of the patterning
of marginal protrusions, vascular development and the growth and maturation of the leaf.
The preceding section shows that by varying the parameters controlling these processes a
vast array of leaf shapes can be generated, including a variety of simple, lobed and compound forms. Parameters, such as branching angle and vein growth, control the overall form
of leaves and leaflets. A complementary role is played by the parameters controlling rates
of margin propagation, which determine the geometric character of protrusions and indentations. The pattern in which marginal features emerge is locally determined by distances
measured along the margin, with the spatio-temporal pattern of competence providing coarse
grained control over the emergence of protrusions. Consequently, the framework illustrates
how different aspects of leaf development can be integrated to produce leaf form.
The framework benefits from a strong connection to the biological determinants of leaf
form. This facilitates a theoretical exploration of leaf forms which extends beyond the current scope of biological knowledge, but nevertheless, can be related to biological reality
and provide guidance for further experimental work. Consequently, the proposed modeling
framework is relevant to biological studies of leaf form. From a computer graphics perspective, this framework provides a procedural model of leaf form development which can be
used for image synthesis. Simulation parameters have an intuitive effect on leaf form and
can be related to leaf morphology. Consequently the proposed technique has applications in
procedural modeling, where it can be employed to generate a variety of complex leaf forms
for use in computer generated imagery.
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6.8.1

Underlying assumptions

The components of the framework depend on a number of hypotheses, supported to different
degrees by biological data. Key to the method is the assumed morphological significance of
the leaf margin in determining the pattern of protrusions and indentations. This assumption is supported by an increasing amount of biological data indicating that CPs pattern
outgrowths [7, 18, 22, 93], and expression of CUC and KNOX pattern indentations [22, 175].
Biological studies also support the existence of a spatial patterning mechanism, regulating
the distance between protrusions [22, 107].
Another key assumption of the method is that vasculature determines the main directions of growth in the leaf blade. Although the strong correlation between leaf shape and
vasculature lends credence to this assumption, it is less supported by biological data. Experimentally, this hypothesis could be investigated by disrupting the patterning and growth
of veins. Encouragingly, molecular manipulations disrupting vascular patterning have been
observed to alter leaf shape [91,179,231,279]. However, these manipulations also affect polar
auxin transport, which regulates many other aspects of leaf development, making it difficult
to isolate the contribution of vasculature to the observed changes in leaf form.
Instead, it may be more tractable to selectively perturb the growth of vascular and nonvascular cells as a means to evaluate their relative contribution to leaf form. This could
possibly be achieved, for example, by driving the expression of a growth repressor (such as
RCO [237, 265]) under the promoter of genes marking preprocambrial (e.g. ATHB8 [117,
230]) or premesophyll (e.g. RbsC and Lhc [227]) cell states.

6.8.2

Future work

The discussion in Section 6.7.5 highlights several aspects of leaf form not accounted for by
the proposed models, including the 3D forms of leaves and refined control over the character
of serrations. Additionally, the method does not account for veins which do not terminate at
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the margin and closed venation patterns, which limits the spectrum of forms which can be
produced. Another important topic for future explorations is the impact of different assumed
growth patterns on simulation results (e.g. centering the gradient of growth in the middle
of the leaf or near the tip), which was not considered in this chapter. Extending the method
to incorporate these aspects of leaf form is the focal point of the future work, and some of
these are discussed in detail in the remainder of this section.
The branching angle of veins is an important aspect of leaf appearance [57], and in the
current method is an important determinant of leaf form. In the proposed method, which
assumes that auxin follows minimal transit time paths, the choice of branching angle arises
as a natural geometric consequence of auxin traveling at different rates in the mesophyll
and vascular tissues. On one hand, this is an improvement over the methods proposed by
Runions et al. [218] where there is no explicit control over the branching angle, and veins
tend to meet at right angles. On the other hand, the proposed method for introducing veins
does not generate curved vein segments or closed venation patterns, which naturally emerge
in the patterns created using the methods of Runions et al. [218].
Conceptually, the method I propose to model veins is closely related to Gottlieb’s method [80],
and the two methods are equivalent when the transit time in veins is assumed to be negligable (Fig.6.6 A). It is thus possible that the aforementioned limitation may be addressed
by extending the model of Runions et al. [218] to account for transit time, which would
also serve to extend the diversity of patterns generated by their method. Alternatively, it
may be possible to generate curved veins by iteratively extending veins from convergence
points towards existing veins, as occurs in the model proposed by Rodkaew et al. [209]. As
both Rodkaew et al.’s and Runions et al.’s methods can be related to polar-auxin-transport
(Section 2.3.5), extending them to account for transit time is a worthwhile endeavor, which
would contribute to the emerging geometric understanding of vein development.
Although many leaves are relatively flat, the leaves of some plants have elaborate, even
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hyperbolic, three-dimensional forms. This is, for example, an important aspect of the intricate leaf forms of kale and ornamental cabbages. Consequently, the methods presented in
this section would be enriched by extending the proposed framework to 3D. Most aspects
of the proposed framework generalize in a straightforward manner to higher dimensions. In
this case, however, the lamina becomes a 3D manifold interpolating the margin and vascular
skeleton of the leaf. As a result, in 3D the lamina must play a more active role in the patterning of veins, as the straight, minimal-time paths of veins in the current implementation
would be replaced with curved geodesics along the leaf lamina. Consequently, an extension
to three dimensions requires methods to calculate geodesic distances and paths over 3D
manifolds (such as [44]).
Finally, an interesting direction for future work is to determine model parameters automatically, which would be useful in a number of scenarios. When a set of leaf contours is
provided, this would facilitate the generation of morphospaces (c.f. [17]), which could then
be related to biological reality through analysis of model parameters. For image synthesis
purposes, exploration of model parameters near a specified form would provide a basis for
generating a variety of related leaf forms (similar to the method proposed for developmental
tree models in [250]). For interactive modeling of leaf forms it may be possible to use interactive evolutionary computation, which would allow the modeler to guide the evolution of leaf
forms by iteratively selecting models that are then used as the basis for the next generation
of forms (c.f. [31]). To facilitate fine grained control over leaf form the interactive evolution
could be augmented with sketch based interactions to modify leaf form and special purpose
interfaces to manipulate model parameters (c.f. [147]).
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Table 6.1: Compound specific parameter values. Parameter names are presented above
the relevant symbol introduced in the main text. Blue rows separate variants of the same
model into groups. Orange rows indicate default parameter values which are used for related
variants of the same model. All simulations use the default parameters specified for their
group, except where noted otherwise. When x appears in an orange row then no default
value is specified. In the column specifying the updated interval following the introduction
A
A
of a CP, dA
ext is the interval in which expression is removed and [dext , dint ] is the interval
in which expression is introduced. If expression isn’t introduced then only a single value,
corresponding to dA
ext is specified.
Page 1

218

Sheet3

Vein
growth
window
Model
Single state model
Tip growth

Branching
angle
(radians)

Margin angle
(radians)

2000

0.25

0.17

Petiolate simple leaves
Asymmetric leaf forms
CUC model
Parameter space
Top left
Bottom left
Top right
Bottom right
Apex model
Parameter space

2000
3000

0.17

0.24
0.07

2000

x
0.25
0.25
0.17
0.17

0.20

∞

0.17

0.17

Branching angle
KNOX model
Compound leaf

∞

see caption

0.40

∞

0.25

0.13

Parameter space
Bottom left
Bottom right
Top left
Top right
Reiteritively compound
Tomato leaf

2000

x
0.17
0.25
0.25
0.25

x
0.25
0.13
0.13
0.25

1500

0.25

0.13

Figure(s)
14-19
14, 15
16-18
19
20
20
20 A1
20 E1
20 A5
20 E5
21, 22
22
23
25,26,28
25,26
28

29,30

Table 6.2: Vein specific parameter values. This table employs the same semantics as Table 6.1.
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Table 6.3: Key model parameters not contained in Tables 6.1 and 6.2. This table employs
the same semantics as Table 6.1. If axis boundaries do not form an interval then a single
value corresponding to dboundary is provided, otherwise an interval is specified.
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Page 3

Chapter 7
Conclusions
7.1

Summary

The research presented in this thesis is devoted to the computational simulation of plant
form development. The presented models focus on various elements of leaf development and
aim to elucidate the biological determinants of leaf form. To investigate leaf initiation and
vascular patterning I proposed a model of these phenomena in Brachypodium distachyon.
Next, to investigate the regulation of leaf margin form I proposed models of Arabidopsis thaliana and Cardamine hirsuta margin development. Using these models, I analyzed
the molecular module initiating marginal protrusions in simple and compound leaf forms.
Finally, I synthesized the insights gained through the three modeling case studies into a
geometric framework for modeling leaf form development. This framework permits the interplay between the initiation of marginal protrusions, vein development and leaf growth and
maturation to be explored in a biologically plausible way. More broadly, it also provides a
tool for conceptualizing leaf margin development in eudicots, thus offering insights into the
determinants of leaf form diversity in nature. As the specific contributions of each model
have been discussed in detail in their respective chapters, the remainder of this concluding
chapter is concerned with the broader contributions of this thesis to the understanding and
computational modeling of plant development.
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7.2
7.2.1

Contributions and future work
Simulation frameworks

I presented several methods for modeling leaf margin development. To model the development of simple Arabidopsis leaves I employed the boundary propagation method. This
method permits molecular processes operating on the leaf margin to be directly related to
growth. However, it proved insufficient to model the development of compound Cardamine
leaves. Consequently, I presented an extension of the boundary propagation method accounting for the emergence of secondary axes of growth. Finally, in Chapter 6 I consider
the reiteration of axes, and provide a general geometric framework for modeling leaf form
development. This provided a versatile tool for modeling leaf form, accounting for a diverse
range of leaf shapes. Although the framework does not simulate cellular processes at the
leaf margin, they can be reintroduced by replacing the curve representing the margin with a
sequence of cells, as was done for the models of Arabidopsis and Cardamine. Together, these
frameworks provide methods for simulating the development of simple, lobed and compound
leaf forms in different species.
Extending the boundary propagation method makes it possible to simulate additional
phenomena. By generalizing the method to 3D cellular surfaces it becomes possible to
simulate the formation of organs on their supporting axes. This possibility is illustrated by
the model of stamen development presented in Appendix C. Further potential applications of
this generalization include a combined simulation of phyllotaxis and leaf form development,
which has not been considered previously, and would permit communication between the
shoot and developing leaves to be simulated (which is known to influence leaf form [35]).
Another generalization applies the boundary propagation method to 2D cellular networks,
thus permitting the detailed simulation of cellular forms. Such a method is employed in
Appendix C to simulate the development of jigsaw like pavement cells.
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7.2.2

The logic of polar auxin transport in plant development

The molecular understanding of polar auxin transport
The simulation studies presented in this thesis contribute to the broader understanding of the
role of polar auxin transport in plant development. Recently, a confluence of experimental
and simulation studies have contributed to an emerging, comprehensive understanding of
polar auxin transport during plant development in terms of up-the-gradient and with-theflux polarization modes [10, 63, 69, 113, 176, 204, 212, 231, 247, 252]. The work in this thesis
contributes to this understanding, and answers several open questions raised by previous
work.
The model of leaf and vein initiation in Brachypodium presented in Chapter 3 provides
an explanation of leaf and vein formation by integrating the patterning of convergence points
and veins at the molecular level. Furthermore, this model supports the hypothesized role
of the three PINs in Brachypodium, where SoPIN1 determines the placement of organs,
PIN1b guides newly forming veins to appropriate targets, and PIN1a refines emerging veins
into narrow canals. Together, these processes provide a minimum patterning framework for
auxin based patterning in the shoot. As discussed in Appendix B, the components of this
framework can be related to a recently proposed algorithm for computing geodesics [44],
offering a geometric interpretation of vascular patterning.
In the model of Brachypodium, each PIN is assumed to polarize either up-the-gradient
of auxin concentration or with-the-flux of auxin. Consequently, these result provide further
support for the dual-polarization model proposed by Bayer et al. [10] to explain leaf and
mid-vein initiation in tomato. At the same time, due to the functional division observed
in Brachypodium (i.e. SoPIN1 polarizes up-the-gradient, PIN1a strongly with-the-flux and
PIN1b weakly with-the-flux; Fig. 3.2) the model offers insights that were obscured by the
presence of only a single PIN1 protein in Arabidopsis. One such insight is the minimal
patterning framework outlined above. Additionally, the model provides a mechanistic basis
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for sink finding, which offers an alternative to the hypothetical diffusing substance invoked
by Bayer et al. [10].
The models of leaf margin development presented in Arabidopsis and Cardamine presented in Chapters 4 and 5 represent the first molecular level models of leaf form development. The model of Arabidopsis reveals how the interactions of auxin, PIN and CUC can
be integrated during leaf development to pattern marginal protrusions. The resulting simulations highlight the need for an additional factor to stabilize convergence points emerging
from up-the-gradient polarization (consistent with previous studies [113, 247]), and suggest
that CUC plays this role in the leaf margin (removing the need for the heuristic assumption
made in other simulation studies [176, 247]). The model of Cardamine shows how KNOX
can be integrated with the CUC-auxin-PIN module proposed for Arabidopsis to generate
compound leaf forms. This simulation also reveals that assuming that CUC and KNOX increase PIN endocytosis provides an explanation for the observed effects of these compounds
on PIN polarity.
These four compounds (i.e. auxin, PIN, CUC and KNOX) also act together to pattern
primordia at the shoot apical meristem [8]. Thus a relevant open question is the implications
of the simulation models proposed in this thesis when they are adapted to the shoot apical
meristem. Extending the model of molecular regulation proposed for leaf margins to cellular
tissues forming a 3D surface (c.f. [247]) or volumetric meristem (c.f. [133, 134, 275]) would
permit these questions to be investigated and confirm whether these hypothetical similarities
between leaf and meristem development are indeed valid.
Although outside the scope of this thesis, it is important for future work to establish the
molecular level underpinnings of with-the-flux and up-the-gradient polarization. Currently,
the modeling of the lower-level mechanisms effecting PIN polarization is an active area of
study [1, 95, 130, 213, 266]. At present, however, the majority of the resulting models cannot
be explicitly related to the higher level with-the-flux and up-the-gradient regimes 1 . As
1

The model by Kramer [130] provides a notable exception, and implements a lower-level mechanism for
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there are an increasing number of studies [10, 69, 113, 176, 247] supporting the usefulness of
the up-the-gradient and with-the-flux abstractions, it is an interesting question whether they
could be more closely related to molecular-level mechanisms. An appealing direction, which
insofar has not been pursued, is to rephrase the higher-level polarization modes in terms of
basic chemical reactions, thus establishing a plausible molecular basis.
The geometric understanding of polar auxin transport
The focus of Chapter 6 was the development of a geometric understanding of leaf form development. The proposed framework integrates a geometric interpretation of the patterning of
marginal protrusions by up-the-gradient polarization, and the establishment of vasculature
by with-the-flux polarization. In the geometric model, up-the-gradient patterning is assumed
to underlie a distance-measurement mechanism, which introduces additional marginal protrusions as space becomes available. The measurement of distances along the margin is
modulated by the compounds expressed along the margin, which locally define the metric.
With-the-flux patterning is assumed to underlie a second distance-measurement mechanism,
which connects convergence points to preexisting veins. This connection guides the formation of veins, which are introduced at marginal protrusions, and connect to existing veins
along the quickest path through the leaf blade. Gradients of growth in the leaf blade and
the spatial-temporal window of competence to produce marginal protrusions are determined
by measuring distances along the veins of the leaf. Overall, metric geometry [30], provides a
parsimonious language for discussing the development of leaf form.
The methods for introducing marginal protrusions and vein segments proposed in Chapter 6 are consistent with previous geometric models of phyllotaxis (i.e. convergence points
are placed in the empty spaces produced by growth [102, 248]) and vein development (i.e.
veins connect convergence points to existing vasculature along efficient paths [80, 217, 218]).
Consequently, the geometric framework for modeling leaf form development proposed in this
flux sensing originally proposed by Mitchison [165]

224

thesis represents a step towards a geometric theory of plant development. As geometric
methods put an emphasis on the expansion of space, rather than the progress of time, as the
driving force behind development it is difficult to express these methods using traditional
L-systems. Instead they benefit from the use of metric-driven grammars [196], which apply
rewriting rules to a dynamical system with dynamical structure based on metric, as opposed
to topological, relations. The further development of metric-driven grammars is required to
facilitate the next logical step of this work — an extension to surfaces (and volumes) that
represent developing organs and meristems. This would permit the emergence of the forms
of flowers and leaves in the context of their supporting apex to be modeled geometrically.
Additional extensions could consider the branching architecture of stems and inflorescences.

7.2.3

Vascular patterning and geodesics

The connection between the canalization of veins and the computation of geodesics on arbitrary manifolds discussed in Chapter 3 and Appendix B is an interesting and seemingly
fundamental connection. This geodesic hypothesis is conceptually appealing and deserves
further investigation from the biological, mathematical, and computational perspectives.
If true, the conceptualization of veins as geodesic paths would provide a tool for reasoning about vascular development in a rigorous fashion, thus providing a means to build a
mathematical theory of vein development. The utility of this connection is illustrated by the
geometric method for introducing veins in Section 6.3. In this case, the metric (i.e. transit
time of auxin) in the lamina was assumed to be constant causing vein segments to follow
straight paths. In contrast, when the metric is spatially varying (i.e. the transit time of
auxin varies throughout the lamina), then vein segments follow curved paths, which should
allow a broader range of venation patterns to be produced.
A topic for further enquiries is an extension of this hypothesis to account for closed
venation patterns. Conceivably, closed veins may arise from the inability of polar auxin
transport to distinguish between several paths of similar length. An intriguing postulate in
225

this case is that the veins connecting an auxin source to previously established veins are
related to its Voronoi neighbors [46] (as suggested by the observations of Korn [127] and
as occurs in the model proposed by Runions et al. [218]), or its relative neighbours [46] (as
assumed in [218]).
Biologically, it should be possible to test the geodesic hypothesis experimentally. The
derivation in Section 6.3 suggests that, according to this hypothesis, the efficiency of polar
auxin transport should be related to the branching angle between vascular precursors 2 .
Consequently, this hypothesis predicts that changes in the relative efficiency of polar auxin
transport in veins and vascular precursors compared to undifferentiated cells will alter the
angles observed between forming veins. Specifically, application of the transport inhibitor
NPA would be expected to decrease the transport efficiency of veins compared to other
tissues, leading to narrower branching angles between veins (consistent with observations of
the dose dependent effects of NPA on leaf venation reported in [157]). In contrast, selective
upregulation of PIN1 in vascular precursors (as would presumably occur in plants expressing
ATHB8::PIN1), would be expected to produce wider branching angles. Another line of
experimentation would be the induction of clonal sectors with enhanced or reduced polar
transport capabilities (e.g. clonal sectors where PIN1 production is increased or decreased).
In this case, the geodesic hypothesis implies that a deflection in the vein path should be
observed at the points where veins enter and exit a clonal sector, as predicted by Snell’s law.
Computationally, the analogy between the algorithm proposed by Crane et al. [44] and
polar auxin transport developed in Chapter 3 may provide inroads to developing algorithms
for computing geodesics based on with-the-flux polar transport models. The computation of
geodesics is of great importance to many problems arising in physics and geometric modeling,
and the naturally distributed nature of vascular patterning may facilitate the development
of efficient algorithms which are well suited to parallelization.
2

It should be noted that subsequent growth may alter this angle.
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7.3

Concluding remarks

Current molecular techniques provide a wealth of experimental data that elucidate lowerlevel processes controlling the development of plant form. These data are now being complemented with computational models that contribute to our understanding of the causal
relations at the heart of development. It is an interesting question whether the use of computational techniques and models may eventually transform developmental biology from a
observational and experimental science to a more deductive, theory-rich science with a mathematical structure paralleling that of physics. The work presented in this thesis is intended
as a step in this direction.
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Appendix B
A hypothetical relation between vein patterning and
geodesics
Geometrically, there are striking parallels between the action of the three PINs in the model of
Brachypodium (SoPIN1, PIN1a and PIN1b) presented in Chapter 3 and a recently proposed
algorithm for computing geodesics over arbitrary manifolds by Crane et al. [44]. Geodesics
are a generalization of the concept of the shortest path between two points, which in Euclidean space is a straight line. However, if space is curved or if there are variations in the
measurement of distances throughout the space (i.e. the metric varies), the shortest path
between two points may become curved. The effect of curvature is seen, for example, in the
shortest path between two points on a sphere, which is known to follow a great circle arc.
To see the effect of metric it is useful to consider the shortest (in terms of transit time) path
between two points in a city. In this case, the shortest path is not necessarily the straight line
connecting the points (as the crow flies), and may deviate from this line to avoid buildings,
cross rivers at bridges, and follow paved pathways. The shortest path between two points
for an arbitrary metric is a geodesic, and the geodesic distance between two points is the
length of this path.
The algorithm proposed by Crane et al. [44] exploits a connection between diffusion and
geodesic distance to compute geodesics over arbitrary manifolds. To see this connection let
us consider a surface where a compound c is produced at a point source x, diffuses across the
surface, and is removed from the surface at a distant sink y (Fig. B.1) 1 . Molecules of c move
according to Brownian motion and thus follow a random path across the surface (Fig. B.1
1

The paper by Crane et al. [44] discusses heat diffusion between sources and sinks of heat, but this is
mathematically equivalent to molecular diffusion of a compound between sources, where the compound is
produced, and sinks, where the compound is consumed.
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Figure B.1: Vascular patterning and geodesics between an auxin source and sink. (A) A
source (green circle) is introduced into a tissue with a sink (black disk). (B) Molecules
diffuse according to Brownian motion. (C) The continuous concentration field generated by
the source. (D) Blue arrows show −X, the negation of the concentration gradient, which
indicates directions of diffusion (by Fick’s law). (E) The directions of diffusion are amplified
(X/kXk). (F) The path between the source and sink found by following the amplified
directions of diffusion.
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B). In this setting, at a time t shortly following the introduction of a source at x, only
molecules of c which happened to follow the minimal time, or geodesic, path to y will reach
the sink. Consequently, it can be shown that when t is small the removal of particles at the
sink induces a gradient in concentration which is approximately aligned with the geodesic
path connecting points x and y, and this approximation becomes exact as t → 0.
From a practical viewpoint, for small values of t the concentration of molecules at the
sink is also small, making it difficult to compute the gradient robustly (both numerically and
in biological systems which are subject to significant noise). The key insight underlying the
approach taken by Crane et al. is that simulating the time evolution of the gradient vector
field offers a more robust method for obtaining the gradient than when it is calculated from
concentrations. The approach of Crane et al. starts by specifying a discrete source (Fig. B.1
A). Next the vector field of concentration gradients X is computed directly (Fig. B.1 D,
as opposed to approximating X from concentration values) for a small timestep t. The
magnitude of the vectors provided by this vector field are then amplified by taking X/kXk
(Fig. B.1E). Finally, the geodesic can be traced by starting at the source and following the
direction field to the sink (Fig. B.1 F) 2 .
In comparison, in the model presented in Chapter 3 (Fig. 3.2), first SoPIN1 generates
a convergence point, which serves as an auxin source for sub-epidermal tissues (Fig. B.1
A). In the sub-epidermal tissues the initial directions of diffusion between the source and
sink are amplified by PIN1b (Fig. B.1D,E), which is analogous to the specification of X and
subsequent amplification (i.e. X/kXk) in Crane et al.’s method. Biologically this seems
sensible, as the small magnitude of the concentration gradients occurring in the computational method of Crane et al. would be problematic in noisy biological systems. Finally,
a path is traced between the source and sink by PIN1a, which is guided by the polarity
of PIN1b (Fig. B.1F). This is analogous to the integration of X/kXk to obtain the final
2

The method of Crane et al. also has several subsequent steps to their algorithm which are required to
recover the geodesic distance between points. These additional steps can be omitted when only geodesic
paths are required.
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geodesic. Conceptually, the key distinction between the method proposed by Crane et al.,
and the combined action of the three PINs is that their algorithm proceeds sequentially, by
placing the source, computing the gradient field, normalizing the gradient field, and tracing
the geodesic; whereas the action of the three PINs overlaps as they define an efficient path
connecting the convergence point to the vasculature.
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Appendix C
Beyond leaf forms
The boundary propagation method, proposed to model leaf form development, can be extended to facilitate the simulation of additional biological phenomena. In this appendix I
illustrate this point by presenting boundary propagation models operating on a 3D cellular
surface and a 2D cellular network.
A generalization to 3D cellular surfaces is presented in Figure C.1. In this setting, growth
can be simulated by propagating cell wall junctions in the normal direction at rates depending
on the concentrations of compounds in the cells incident to this vertex (e.g., auxin in Fig. C.1
B). The viscoplastic nature of plant tissues is accounted for by applying fairing forces to each
vertex, in the same spirit as in the geometric model of leaf development. Specifically, each
vertex is displaced so as to minimize stretch, bending and curvature (appropriate extensions
of these concepts to meshes are discussed in [24,48,49]). Finally, the simulation of molecular
processes must be extended to operate in an irregular cellular template (as described, for
example, in [247], [113], [252] and [10]). In Fig. C.1, I apply such a generalization to simulate
the fractionation of a floral meristem during stamen development, as observed in Ricinus
communis [187], which produces an elaborate bifurcating form. The molecular processes in
each cell simulate the interactions of growth, auxin, PIN1 and a hypothetical compound X
abstractly representing the maturity of a cell (A). Each cell stores a concentration of PIN1 in
the cytosol and on each segment of cell membrane facing a different adjacent cell, as well as
a concentration of auxin and the compound X which mediates the feedback between auxin
and growth.
The interactions between PIN1, auxin and compound X assumed in the model are as
follows. PIN1 polarizes according to the up-the-gradient model [113,247], and PIN1 produc-
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tion is dependent on auxin. Auxin upregulates growth, which in turn inhibits the production
of compound X. Compound X inhibits auxin biosynthesis. The feedback between growth,
auxin and compound X eliminates auxin from slowly growing areas, which restricts growth
and patterning to the extending branch tips.
The generalization to 2D cellular networks allows the development of two-dimensional
cellular forms to be simulated. In Fig. C.2 this possibility is explored in a toy model of pavement cell formation. In plants, young cells in the epidermis of the leaf have convex polygonal
forms. However, during subsequent development these cells differentiate into pavement cells.
This differentiation is accompanied by a change in cell shape, where the pavement cells take
on intricately lobed forms, that interlock in a manner similar to a jigsaw puzzle. Their
morphogenesis is simulated using an activator-inhibitor reaction-diffusion system operating
along cell walls [74, 158]. Concentrations of activator and inhibitor are stored along cell
walls, with a separate concentration of each compound stored on either side of the wall. Interactions between these compounds (Fig. C.2 A, see [1] for a related patterning model) lead
to the emergence of interlaced maxima on alternating sides of each cell wall. The relative
concentrations of activator on either side of cell walls determine the rates and directions of
propagation. When a single cell is simulated an elaborate lobed form is produced (C). If
instead a cellular network is simulated, an interlocking array of cells emerges (D).
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Figure C.1: A boundary propagation method applied to meristem fractionation. The molecular relations between auxin, PIN1 and compound X are shown in (A), blue and green arrows respectively indicate endocytosis and exocytosis. (B) Each mesh vertex is displaced
outwards, at a rate dependent on the auxin concentration in the cells incident to this vertex
(along the vertex normal, red arrow) and a fairing direction (the cotangent-weighted Laplacian [24], blue arrow). (C-E) Selected images from the simulation of meristem fractionation;
auxin concentration is visualized in green and the compound X in brown. (C) Auxin-dependent outgrowth increases the size of the meristem, leading to the formation of a second auxin
maximum (third panel). This process repeats at each maximum, leading to the generation of
four maxima (fourth panel). Successive iteration of this process generates a highly ramified
structure (D, profile view; E, top view).
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Figure C.2: A boundary propagation method applied to pavement cell formation. (A)
Reactions between an activating and inhibiting compound pattern lobes and indentations.
At each point (blue circle) along the cell wall a concentration of activator and inhibitor is
stored for each side of the wall. Activator upregulates its own production, as well as the
production of an inhibiting substance. Both the activator and inhibitor diffuse along, but
not across, the cell wall. Coordination between the concentrations on either side of the cell
wall is achieved by assuming that activator downregulates activator on the opposite side. (B)
Points on the cell wall are propagated in the normal direction based on the concentration of
activator (shown in yellow; arrows indicate displacement directions), and the uniform growth
of the entire tissue, which may be anisotropic. (C) Simulation of a single pavement cell with
isotropic global growth. The cell wall is visualized in orange, activator at the inside of the
wall in pink and at the outside of the wall in cyan. Starting from a circular configuration,
activator-dependent boundary propagation produces an elaborate, lobed form. As the length
of the contour increases additional activator maxima emerge. (D) Simulation of a patch of
pavement cells. Activator concentration is visualized on both sides of the cell wall and is
shown in yellow for high concentrations. As the simulation progresses an elaborate network
of interlocking cellular forms emerges.
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Appendix D
An explicit integration method for cellular PIN
polarities
Up-the-gradient models of polar auxin transport typically assume that PIN polarities change
on a faster time scale than the cellular concentration of auxin and protein synthesis [113,247].
This assumption is realized by using the steady state PIN polarization for each cell during
each time-step (see Section 2.2.2). The steady-state is obtained by letting all other values
be constant and solving for the PIN polarizations obtained at t = ∞. In the equations
presented in Chapter 5, however, this assumption is no longer valid, as the rate at which
polarization changes slows as the concentrations of CUC and KNOX decrease. In this case,
the polarizations obtained at t = ∞ are a poor approximation of the correct solution. In
Chapter 4 this was addressed by switching between fixed and steady state polarizations based
on cellular concentrations of CUC. Here, I propose an alternative solution, which handles
polarity changes regardless of their timescale relative to other processes. Mathematically,
the following approach is related to the theory of exponential integrators [101], which provide
stable numerical methods for particularly stiff differential equations.
The derivation of these equations is provided in the context of a 2D margin, where we
consider a single cell with a left and right neighbor (see Figure D.1). Numerically, to update
simulated concentration values, a time step ∆t to advance time must be selected. This time
step is chosen so that changes in auxin and protein concentrations are small, without concern
for changes in polarization (which may be significantly faster or slower). Consequently, we
can assume that the concentrations of auxin ( [IAA], [IAA]L , and [IAA]R ) and the proteins
[CU C], [KN OX], and [P INT ] are constant. From this, and equations 5.5-5.9, we obtain
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Figure D.1: A configuration of three cells with the quantities directly affecting PIN localization in the central cell labeled. This localization is defined by the concentration of PIN on the
left wall, [P IN ]L , right wall, [P IN ]R , and by [P IN ], the concentration of unallocated PIN.
These concentrations are influenced by the cellular concentrations [CU C] and [KN OX], as
well as [IAA]L and [IAA]R , the respective auxin concentrations in the left and right cells.
the following set of homogeneous coupled ordinary differential equations:
d[P INL ]
dt

= αL [P IN ] − δ[P INL ],

d[P INR ]
dt

= αR [P IN ] − δ[P INR ],

d[P IN ]
dt

=

INL ]
− d[Pdt
−

(D.1)

d[P INL ]
,
dt

where αL , αR , and δ are constant, as they depend only on auxin and protein concentrations
(see Eqs. 5.8, and 5.9). Given initial values for the concentrations of PIN at simulation time
t0 (i.e. [P INL ](t0 ) = [P INL0 ], [P INR ](t0 ) = [P INR0 ], and [P IN ](t0 ) = [P IN0 ]) a closed
form solution to the preceding equations can be found for [P INL ], [P INR ], and [P IN ].
The solution can be obtained using either the method of variation of parameters or the
eigenanalysis method [82, pp. 297-313], and has the following form:
L
[P INL ](t) = c1 αL − c2 αLα+α
e−(αL +αR +δ)t − c3 e−δt ,
R
R
[P INR ](t) = c1 αR − c2 αLα+α
e−(αL +αR +δ)t + c3 e−δt ,
R

[P IN ](t) =

c1 δ

+ c2 e−(αL +αR +δ)t ,
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(D.2)

where the coefficients are c1 , c2 , and c3 are
c1 =

c2 =

[P INT ]
,
αL +αR +δ

((αL +αR )[P IN0 ]−δ([P INL0 ]+[P INR0 ])
,
αL +αr +δ

c3 =

(D.3)

αL [P INR0 ]−αR [P INL0 ]
.
αL +αR

Combining the coefficients in Eq. D.3 with the time dependent equations for [P INL ], [P INR ]
and [P IN ] permits a straightforward interpretation of the three terms of each formula in
Eq. D.2. The first term represents the steady state value when there is some amount of
allocation and deallocation (i.e. αL 6= 0 or αR 6= 0 and δ 6= 0), and is the steady-state
solution used by Jonsson et al. [113]. The second term captures the symmetric change in
the ratio of unallocated to allocated PIN. Finally, the third term captures reallocation of
PIN between the left and right cell walls, i.e. the deallocation from one wall accompanied
by reallocation to another wall. The equations presented above correctly handle the special
cases where there is no deallocation (δ = 0), which changes the steady state of the equation.
The case when there is no allocation (αL = αR = 0) is addressed by omitting the terms
capturing the transfer of PINs between the cell walls (i.e. c3 e−δt ). During each simulation
step the values of [P IN ], [P INL ] and [P INR ] are determined by evaluating Eq. D.2 at
t0 + ∆t, where ∆t is the time-step of the simulation.
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