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Abstract

This thesis introduces a class of algorithms for modeling biological patterns with
branching (tree-like) and network (with loops) topologies. The key idea behind these
algorithms is the marking and subsequent colonization of empty space. Models are
formulated in terms of iterative geometric operations on sets of points representing
the elements of the pattern and markers of free space. This concept is formalized as
the space colonization algorithm.

The practical value of this approach is demonstrated by modeling the architecture
of trees and vasculature in plants. Trees are modeled using markers of empty space
to mediate competition between branches. When vascular patterns are modeled, the
markers of empty space represent sources of a vein inducing signal (auxin). Several
algorithms are introduced to simulate vein development in a growing leaf blade.
Additionally, a model simulating vasculature patterning in the stem is proposed and
used to examine the relation between phylotaxis and stem vasculature

The applications explored in this thesis demonstrate that a common mechanism,
competition for space, is su cient to recreate both the development of vascular

patterns and the architecture of trees.
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Chapter 1

Introduction

Nature abounds with patterns. Ubiquitous and inescapable, they provide texture to
our surroundings, from the grand majesty of river networks to the elegant branch-
ing structure of trees and to the elaborate crack patterns observed in drying mud.
Each class of patterns may exhibit remarkable variation while maintaining consis-
tent global characteristics. Considering that these structures arise primarily through
local interactions, they represent curious visual enigmas. Unravelling the apparent
complexity of these patterns and their development into a small set of rules is a joy
and a challenge. On one hand, such enquiries provide insights into the processes
governing a pattern and help to connect disparate phenomena. On the other hand,
from a computer graphics perspective, these investigations provide methods suitable
for image synthesis in computer games and animation.

Two intriguing classes of natural patterns are those composed of linear elements
arranged into branching or network patterns. Branching patterns have a tree-like
structure and can be seen in the architecture of trees and the river drainage patterns
( 9.1.1 top row). In contrast, the elements of network patterns reconnect to form
cycles and loops, as is seen in leaf vasculature and crack-patterns ( g.1.1 bottom
row). In many cases the arrangement of elements in these patterns arises from a
number of spatial or functional constraints (e.g. each branch on a tree is constrained
in its growth by the spatial arrangement of other branches [147, 109]).

For branched and networked patterns observed in biological systems an interest-
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Figure 1.1: Examples of branching and networked patterns in nature. Top left to
bottom right: Leaf less tree, Lichtenberg gure (a branching electrical discharge
within an insulating material, here a block of clear acrylic) [59], river net in southern
Yemen(Courtesy of NASA), leaf vein pattern, cracks in mud [35]



ing question is whether developmental and genetic factors can be represented ab-
stractly as competition for space during growth. Historically, this question has been
explored, for example, in the scope of studies of phyllotaxis, for which competition
for space determines the position of new organs at the growing apex of a plant [158].
In ecology this question has been addressed for plant populations using spatial com-
petition models [78, 83]. In the context of branched and networked patterns the
current body of work is less extensive, and many questions remain unanswered.

Choosing the correct level of abstraction to answer these questions is di cult.
The visual complexity and variability of the patterns addressed in this thesis, such as
vasculature in leaves and the branching structure of trees, makes concise descriptions
di cult. This limits the power of a quantitative or descriptive approach (such as that
employed by Mundermann et al. to model Arabidopsis[106]). Conversely, simulating
patterns at the cellular level based on molecular data su ces for recreating some
features of observed patterns, but does not directly yield or relate to macroscopic
observations [123].

In this thesis | investigate a new model for generating branching and networked
patterns, using competition for space as the driving force of pattern formation. In-
teraction between elements is formulated geometrically, allowing developmental and
genetic factors to be represented abstractly. Modeling phenomena at the geometric
level provides a compromise between the extremes of descriptive and molecular-level
models, which allows spatial relations between pattern elements to be expressed
concisely and examined directly.

Working above the level of individual cells allows the algorithmic essence of pat-

terns to be discussed without simulating cellular and molecular processes, the details



of which can detract from higher-level observations. Additionally, processes that are
di erent at the genetic level can be related at the geometric level, providing in-
sight into factors common to distinct patterning processes. On a more practical
note, geometric models tend to permit e cient implementations, allowing for eas-
ier experimentation, and are more intuitive than cellular and chemical models (for
macroscopic observations).

The key-idea behind the approach presented in this thesis is to mark unoccupied
space, which is subsequently colonized by extension of the existing structure into
empty regions. This approach is formalized as the Space Colonization Algorithm
(SCA). Unoccupied regions are represented by a set of points, which interact with
the pattern. The pattern is extended iteratively towards the markers of free space,
which are removed as the pattern advances, until the nal pattern is produced.
The algorithm is e ciently implemented using a Voronoi diagram to perform space
subdivision [121]. The basic algorithm is extended to recreate several categories of
biological patterns plausibly, in two or three dimensions.

Historically, the SCA was rst applied to model leaf vein patterns [142]. These
patterns are a functionally important and visually complex part of the plant. In
this context, SCA simulates the interplay of three processes, which govern the de-
velopment of leaf venation patterns: development of veins towards hormone (auxin)
sources embedded in the leaf blade; modi cation of the hormone source distribution
by the proximity of veins; and modi cation of both the vein pattern and source
distribution by leaf growth. In this sense, the algorithm is biologically motivated.

To recreate leaf venation patterns, three variants of the basic algorithm are used:

the open algorithm for recreating patterns when veins in a leaf blade do not recon-
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Figure 1.2: Examples of vascular patterns in leaves. Images demonstrating (left to
right) an open pattern, a closed pattern, and the blindly terminating veins seen in
otherwise closed patterns ( nal image courtesy of C.C. Chinappa).

nect (open patterns, g.1.2a), the closed algorithm for recreating reconnecting veins
that form a networked pattern (closed patterns, g.1.2b), and the areole algorithm,
which can generate blindly terminating veins observed in otherwise closed patterns
( g.1.2¢).

Leaf growth plays an important role in vascular development [75, 149]. To take
this into account, several techniques were used to simulate leaf-blade growth. Initial
work focused on reproducing the nal pattern of leaves, and the leaf was grown using
accretive, or uniform growth. To recreate the temporal development of patterns
more precisely required more sophisticated techniques, and two approaches were
considered. The rst, uses a growth eld speci ed over the leaf-blade. By growing
the leaf according to this eld the form of the leaf emerges. Although technically
possible, the observed forms of developing leaves were di cult to reproduce using this
technique, so | developed a second, more controllable approach. The latter approach,

takes as input the form of the leaf at various stages and blends the surfaces over time,



to grow the leaf. This proved easier to control and allowed for the recreation of the
developmental progression observed by Scarpella et al. [150] for Arabidopsis thaliana.

In addition to the visually conspicuous venation of the leaf, plants contain vas-
culature within the tissues of the stem. This vasculature is comprised of a network
of veins originating at the base of the stem [34, 76]. Running the length of the
stem, they connect all organs to the roots. | recreated these patterns by extending
the closed algorithm for veins in the leaf blade to operate in the stem. Though the
geometry of stem vasculature has not been well described in biological literature,
the topology has been documented for several species [76, 84, 46, 165, 68] and is
recreated by the proposed model.

Finally, I extended the algorithm for open patterns in the leaf to three dimensional
branching structures, especially the branching structure of trees and shrubs [143].
Visual modeling of tree architecture is usually addressed by exploiting the recursive
structure of tree development, often using a formalism such as L-systems [109, 128].
Additional factors, such as stochastic elements [25], shedding [109], tropisms, and
mechanical bending are incorporated as modi ers [70] on a fundamentally recursive
model. In contrast to these approaches, the SCA models trees using competition
for space between branches as the dominant factor determining the form of trees
and shrubs. This algorithm produces surprisingly realistic trees, with parameters
corresponding to visually relevant tree characteristics identi ed in landscaping. Thus,
0 ering convenient control of tree shape and structure. Although the method for
generating trees was developed after the techniques for modeling vasculature, it is
presented rst in this thesis, as this application is conceptually simpler.

The correspondence of generated patterns to those observed in nature was pri-



mary validated using visual inspection. Objective validation of these patterns is a
di cult and important problem and has only been partially addressed in the litera-
ture. For example, in the scope of leaves, the work of Bohn et al. provides relations
between the branching angle and width of veins [13], and for branching structures
an objective comparison is possible at the topological level using the edit-distance
measures developed by Ferraro et al. [36]. Unfortunately, using these measures
in a meaningful way requires real-world data. Acquiring su cient data is an open
problem in itself. Thus this topic was deemed to be beyond the scope of this thesis,

but it is an important direction of future-work.

1.1 Organization of Thesis

This thesis comprises seven chapters. In Chapter 2, | provide a general background
in models of pattern formation, emphasizing models that produce branching or net-
work patterns (Section 2.2). In Chapter 3, | introduce a method for modeling trees.
The space colonization algorithm is presented, and used to generate the branching
structure of trees. Ane cient implementation of the SCA using Voronoi diagrams is
described, and generalized surfaces of revolution are proposed to model tree crowns
(Section 3.2). In Chapter 4, the space colonization algorithm is adapted to model leaf
venation patterns. In this chapter, | propose algorithms for generating open (branch-
ing, Section 4.2) and closed (networked, Section 4.3) venation patterns in growing
leaf blades. In Chapter 5, | focus on precisely recreating the developmental pro-
gression of actual leaves, using Arabidopsis thaliana as a case study. The algorithm

for generating closed patterns is reformulated to re ect the observed progression of



di erentiation (Section5.2.3). Then | introduce two techniques for simulating non
uniform leaf growth (Section5.2.1) and discuss the resulting developmental progres-
sions (Section5.3). In Chapter 6, | extend the closed model for leaves to the volume
of the stem. Using this model the observed topology of several patterns is recreated
(Section 6.3). Finally, Chapter 7 summarizes my contributions and discusses possible

directions for further research.



Chapter 2

Background

Simulation models of pattern formation have been the subject of substantial research.
This large body of research, and the variety of methodologies used to model the
formation of natural patterns makes it di cult to place models of morphogenesis in
a consistent frame work. Nevertheless, a characterization of this work is useful in
discussing the relations between models. A classi cation of the features of models of
pattern formation was proposed by Prusinkiewicz [122]. A subset of these features
are described here, and aid in the discussions of previous work presented in the
following sections.

The rst category discussed by Prusinkiewicz di erentiates models based on the
topology of the elements comprising a pattern. Elements can have a linear topol-
ogy, creating a non-branching lament, as in the developmental models of Anabaena
catenula proposed by Hammel and Prusinkiewicz [53], and Cieslak [18]. Alterna-
tively, elements may be connected into a branching structure (as in architectural
plant models [128]), a network (graph with cycles) (as in models of vascular devel-
opment [49] and fracture formation [35]), a 2D surface (as in models of the pigmen-
tation of animal coats [167, 170]), or a 3D solid object (as the voxel automata used
by Greene to model the details of tree architecture [50]).

Prusinkiewicz also distinguished between modes of communication between pat-
tern elements. Expanding on a categorization proposed by Bell [8], he identi ed three

key categories. The rst mode operates through lineage with information transfered
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from an element to the elements that replace it. The remaining categories involve
interactions, both between the elements of a pattern (endogenous) and between ele-
ments and their environment (exogenous). Endogenous communication occurs com-
monly in biological patterns when signals travel along specialized tissues; such as
vasculature, and in plants enable spatio-temporal coordination of owering [128, 66]
and the hormonal control of bud fate [127]. Many natural pattens also represent
responses to exogenous factors. For example, lichens have little internal coordina-
tion, but are a ected by lighting and moisture [28]. The many tropisms in plants
fall in this category, as well as the tendency of corals and sponges to grow towards
dissolved nutrients [74]. Physical elds also provide environmental cues, such as the
electrostatic eld that guides lightning and determines Litchenburg gures [111].
Local properties of the medium surrounding a pattern, such as the stresses that gov-
ern crack formation, are also considered to be environmental cues. An analogous
biological situation occurs when hormonal cues in surrounding tissues guide further
development, as in axons [45] and vascular patterns in plants [144].

Finally, models may occupy constant space or expand (grow). Growth decreases
the locality of information by creating distance between elements that were once
close to each other. Leaf venation displays a global organization that implies a hier-
archy of veins, but this global organization likely results from growth [75]. Similarly,
phyllotaxis positions organs on the scale of a few cells, but through growth this ar-
rangement governs the placement of leaves and petals on a much larger scale. Growth
plays a signi cant role in the development of numerous natural patterns including
the shells of sea urchins [95], the petals of Anirrhinum majus (snapdragon) [95] (see

also [20]), and the wavy edge of many leaves [22].
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In practise, determining the impact of factors in di erent categories can be dif-
cult due to equivalences between categories at a theoretical level [122, 124, 57].
For example, determining the impact of exogenous vs endogenous factors in trees is
di cult due to theoretical equivalences [61] (e.g. di erent mechanisms can produce
the same patterns).

Prusinkiewicz examined these relations formally from the perspective of informa-
tion ow during morphogenesis [124]. He showed that giving a pattern-forming agent
access to environmental cues, internal cues, or incorporating growth all increased the
range of patterns that the agent could produce. Additionally, he demonstrated that
identical patterns could be produced using only one of these factors. Equivalences
among categories can be exploited when modeling pattern formation, and under-

standing these equivalences is helpful when establishing relations between models.

2.1 Models of biological pattern formation

Choosing the appropriate abstraction when modeling a biological pattern is di cult,
due to the diversity of phenomena and various scales at which they can be mod-
elled. As a result, many formalisms have been developed to model the formation of
biological patterns. A few of the most prominent are discussed below.

Lindenmayer considered the growth and development of organisms using a rewrit-
ing system called L-systems [86]. L-systems represent an object as a string of sym-
bols, which is rewritten in parallel using a set of rules. These rules can specify the
development of an organism over time. A wide range of biological structures, in par-

ticular plants [128], have been examined and recreated using L-systems. Many exten-
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sions of the formalism proposed by Lindenmayer have been developed, allowing for
inclusion of parameters [126], stochastic phenomena, and environmental cues [127],
to highlight a few. However, the descriptive power of L-systems is limited to linear
and branching topologies. Thus, to simulate a wider range of topologies a number of
generalizations have been developed. Lindenmayer proposed Map-L-systems, which
extend L-systems to work on graphs with cycles [87], and Smith et al. [154] pro-
posed another formalism in the form of a vertex-vertex system (vv) operating on 2D
surfaces. Both extensions allow for the structure of cells to be represented, and in
particular vv was used as the basis for a molecular model of phyllotaxis [157].

Another paradigm, emphasizing chemical interactions as the cause of morphogen-
esis, is reaction-di usion, proposed by Turing [166]. In reaction-di usion, patterns
are generated by simulating the di usion and interaction of chemicals, described by
partial di erential equations. This formalism can account for some natural patterns,
such as the pigmentation patterns of animal coats [101, 167] and seashells [102, 39].

In contrast to the basic assumption of reaction-di usion (that the chemicals re-
sponsible for establishing patterns propagate by di usion alone), Sachs proposed
that the hormone controlling di erentiation of vascular tissues in plants may instead
be actively transported out of cells [144]. Sachs formalized this observation as the
canalization hypothesis, stating that veins form in a feedback process whereby auxin
causes a cell to begin to di erentiate, but di erentiation increases the ability of a
cell to transport auxin.

Based on Sachs’ experimental results, Mitchison proposed two mathematical
models [105]. The rst models auxin transport as facilitated di usion, whereby

ux through a cell wall increases the wall’s permeability. The second models polar
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auxin transport, whereby ux of a hormone through a cell wall further encouraged
the ux of hormone in the same direction (allowing auxin to be transported against
the gradient of di usion). Subsequently, Mitchison’s models have been the subject of
much study [140, 38, 37] establishing correspondences with molecular data. Mitchi-
son’s model and its variants are of great relevance to modeling vascular development,
and are discussed in greater detail in Chapter 4.

A complementary formalism to reaction-di usion and polar-transport is that of
positional information, proposed by Wolpert [178]. According to this model, cells
have access to positional information, in the form of a coordinate system, based
on their genetic and developmental history. This approach was used to explain the
development of limbs in vertebrates [180], and most notably the segmentation of
Drosophila embryos [179].

Branching and network patterns, in both physics and biology, have garnered sig-
ni cant attention, leading to the development of a more specialized set of techniques
and formalisms. These are of particular relevance to the models presented in this

thesis and are discussed in more detail in the following section.

2.2 Branching and network patterns

2.2.1 Di usion limited aggregation

Many structures, such as bacterial colonies [94], lichens [28], and metal-particle aggre-
gates [177], can be modeled as a random aggregation of elements. This process was
formalized mathematically by Witten and Sander [177] as di usion limited aggrega-

tion (DLA). DLA simulates the formation of an aggregate from a single immobile
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particle. The aggregation grows by adding mobile particles iteratively. Each mo-
bile particle performs a random walk until it is adjacent to an immobile particle,
when it sticks to the aggregate, becoming immobile. As the structure grows, com-
plex branches form, blocking interior regions from wandering mobile points. Conse-
quently, the likelihood that exposed branches will be extended increases, creating a
feedback of the growth of a branch on itself (i.e. as the branch grows it is encouraged
to grow further). This process creates an irregularly branching structures ( g.2.1a).
The emergent properties and simple formulation of DLA make it possible to achieve
di erent patterns by slightly modifying the basic model and have lead to the cre-
ation of many variants based on Witten and Sander’s original model. The following
discussion is limited to the variants of particular relevance to the work outlined in
this thesis.

Desbenoit et al. [28] modeled the formation of lichens using Open-DLA (similar
connotation to Open L-systems [109]) using environmental cues, such as the local
density of pattern elements and access to sunlight and moisture, to allow elements
to interact over a greater distance. These cues are used to modify the probability of
aggregation for wandering particles in di usion limited aggregation ( g.2.1d).

A variant of DLA proposed by Meakin [99, 98] uses internal cues to increase the
distance over which interactions occur. The aggregation initially forms as in DLA,
but branches of the aggregation that grow slower than a given threshold are removed.
The growth at each point is determined by summing the number of particles added
to the sub-tree of the element during a given number of iterations. The removal
of slow-growing branches creates a more hierarchical structure in the nal pattern

( 9.2.1 b). Meakin’s variant allows communication across arbitrary distances in the
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a b c
Figure 2.1: DLA and variants. a)DLA [177] b) Meakin’s variant [99] ¢) Roberts’
variant [135] d)Open-DLA (lichen) [28]

aggregate.

The distance over which interactions occur can be extended similarly using en-
vironmental cues; as in Roberts’ model [135] ( g.2.1c). This model incorporates the
assumption that a new particle immediately a xes to the closest side of the nearest
particle in the aggregation. This process is equivalent to assuming that the particle
will join the aggregation at the expected, or most probable, destination of its random
walk. Thus, each particle in Robert’s model can interact with another particle in the
aggregate, regardless of the distance separating the two. Like the patterns produced
by Meakin’s model, a more pronounced hierarchy emerges, where the feedback of a
branch’s growth on itself, as seen in DLA, is ampli ed. Roberts’ work served as an
initial inspiration for the SCA, particularly the image shown in gure 10 of [135],

which resembles leaf vein patterns near the margin.

2.2.2 Laplacian Growth

Di usion-limited aggregation is one example of a broader set of patterns generated

by Laplacian growth. Laplacian growth is related to the Laplace equation
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where s ascalar eld de ned over the space of the simulation (making r? the
sum of all the unmixed partial derivatives of ). Here, the elements of the pattern
serve as one of potentially many boundary conditions on the Laplace equation. The
pattern represents an evolving interface, which responds to the Laplacian eld
Laplacian growth can be de ned algorithmically, as is speci ed in Alg.1 and discussed
below.

The simulation takes an initial pattern, often referred to as the seed, as input.
Boundary conditions are initialized using the elements of the seed (in addition to
a number of boundary conditions associated with the phenomena being modeled).
The Laplace equation is then solved with respect to these boundary conditions over
the space of the simulation, yielding the function (line 2). The pattern is extended
using (line 3). The new element(s) of the pattern are now considered to be part of
the boundary conditions and change the solution to the Laplace equation (line 4).
The simulation of growth continues by solving the Laplace equation with respect to
the new boundary conditions and extending the pattern as described in lines 2-5.

This process is repeated until the nal pattern is produced.

Initialize boundary conditions including the initial pattern
Solve the Laplace equation with respect to boundary conditions to obtain
Extend the pattern based on
Add the new element(s) to the boundary conditions
Goto step 2

g~ wnN -

Algorithm 1: Algorithm for Laplacian growth

Meakin proposed a model of Laplacian growth simulating the di erentiation of a

tissue towards a point source of hormone [97] on a square lattice. The source pro-
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duces hormone at a constant rate, and di erentiated tissue removes all the hormone
locally, establishing a di usion gradient between source and di erentiated tissue. The
hormone-concentration eld must be recalculated every time the pattern is extended.
During each iteration the pattern is extended by one cell. First a cell adjacent to
a di erentiated cell is chosen. The cell then di erentiates with some probability
(dependent on the concentration of the hormone in the cell). Varying the impact of
concentration on this probability produces a range of patterns from a circular Eden
cluster [33] to a single branch connected to the source.

Several physical phenomena are examples of Laplacian growth. A particularly
well studied form of Laplacian growth is dielectric breakdown, of which lightning and
Lichtenberg gures are noteworthy examples. To reproduce these patterns Niemeyer
et al. [111] proposed the dielectric breakdown model (DBM). The pattern in DBM
is assumed to consist of a perfect conductor, initially a single point, surrounded by
a perfect insulator. A spherical shell with an electric charge opposite to that of
the conductor is assumed to surround the initial seed at some radius; this provides
the initial boundary conditions (although other boundary conditions are also possi-
ble [79]). The pattern is expanded by converting part of the perfect insulator into
a perfect conductor, thus modifying the previous boundary conditions. During each
iteration the electric eld at each point in space is determined (line 2). A cell adja-
cent to the existing pattern is chosen randomly, and then added to the pattern. The
probability of choosing cell i, denoted p;, is calculated by raising its eld value v; to

the n th power, and normalizing this value,

vi

m n:
i=1 Vi

pi =
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Iterative addition of elements recreates patterns similar to that of lightning ( g.2.2a),
or even DLA. Di erent patterns can be obtained by varying n, ranging from circular
Eden clusters for low powers through to hierarchical branching patterns or even a
single straight line for higher powers.

Interestingly, the converse process (the breakdown of a perfect conductor into an
insulator) produces similar visual results, but the resulting boundary conditions can
be solved much more e ciently yielding a faster simulation [80].

Fracture patterns are not generally considered to be examples of Laplacian growth,
but Federl et al.’s [35] model of this phenomenon is analogous to the Laplacian al-
gorithm presented here. Federl et al. simulated crack formation using the nite
element method, with cracks providing the boundary conditions. First the strain
is calculated throughout the material (line 2). If the strain exceeds the material
strength at any point a crack is introduced (line 3), and strains recalculated (line
4). Cracks propagate as indicated by the strain in the material, with new cracks
introduced as speci ed by this calculation, producing elaborate crack patterns (lines
2-5 and g.2.2b). The quality of results and e ciency of calculation are increased

signi cantly through an adaptive re-meshing strategy.

2.2.3 Biological models with growing tips

The growth of many branching structures, such as corals, trees, and axons, is re-
stricted to branch tips. In spite of this limitation, a rich variety of forms arise.
Models of these structures can often be di erentiated by how growth is directed at
branch tips, and where branching occurs.

An example of a model with growing tips was proposed by Ulam [168]. He con-
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a b

Figure 2.2: Models of Laplacian growth. a) Dielectric Breadlown Model [111] b)
Model of crack formation [35]

sidered tree patterns emerging from extremely local comptdn for space. These
patterns were constrained to a grid and initially consisteaf a single grid-tile. Ad-
jacent tiles are added synchronously to the pattern duringaeh iteration, provided

the resulting branches would not collide. This simple rulensulates competition for
space using environmental cues, and yields fractal pattesnwith a highly structured

spatial organization ( g.2.3 €). An equivalent interpretaion of Ulam's model is that

tips grow in the same direction while unblocked, and branchg occurs at prede ned
angles when there is enough space to support a branch.

The models of coral formation developed by Abraham [1], anda&andorp [74, 73]
simulate the growth of the coral's structure at the develomig tips. The model
proposed by Kaandorp, usegadial accretive growth [74, 73]. In Kaandorp's model
the surface of the coral is represented as a connected setddes in 2D, or faces in
3D. An axis of growth is associated with each growing tip, wit growth occurring
along the normal of each edge (2D) or face (3D). Growth is vad so that elements

facing away from the axis grow less. The presence of light andtrients a ect growth



